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ON VAN DER CORPUT’S METHOD AND THE 
ZETA-FUNCTION OF RIEMANN 


By E. C. TITCHMARSH 
[Received 8 May 1931] 


THE researches of van der Corput on the divisor problem and 
other problems in the analytic theory of numbers are well known,* 
and his methods also give very profound and interesting results con- 
cerning the zeta-function of Riemann. His work depends on the 
construction of inequalities satisfied by sums of the form 

¥ eezi sm) (1) 
where f(a) is a real function. We give here a simplified form of van 
der Corput’s method, which leads to an alternative inequality for 
sums of the form (1). The result is formula (1) of § 4; it has two 
terms on the right-hand side instead of the three which occur in van 
der Corput’s formulae. While the analysis is materially shortened, 
the results to which it leads in the theory of the zeta-function and 
other problems are the same as those of van der Corput. 

In the theory of the ‘circle-problem’, for example, we prove that, 

(2) is the number of solutions in integers of the inequality 


v, then 


R(x) = 7e + O(2®). (2) 
This is the result obtained by Nieland. 
In the theory of the Riemann zeta-function, it was proved by van 


der Corput and Koksma that 

1/((4Q -2) l 
U(o-+it) Of | : Jog (3) 
. log 1/(1—e)  loglog t 
where Q = 2¢-1, uniformly on the lines o = 1—(¢+1)/(4Q—2), for 
q = 2, 3, 4,.... In order to exhibit the process in its hse form 
we shall consider fixed values of o only, and prove that on each of 


» above lines y ; 
the a OVE lines t(o+it) = O(t42—Iog t). (4) 
This is the most that is known in this direction, apart from the 
isolated result, deduced by Walfisz from another theorem of van der 


Corput,} that 163 
(4+ it) = of). 
* See the list of papers at the end. 
+ Van der Corput (2), Walfisz (1). 
M 
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For the sake of clearness we give the whole proof, though it is only 
in the later stages that there is any novelty in the method. 

We begin by proving some lemmas. In what follows A denotes 
an absolute constant, not necessarily the same one at each occur- 
rence; and the symbol O implies an absolute constant except in 
§§ 4-4.1, where the constant may depend on k, q, and o. 

2.1. Lemma 1.* Let f(x) be a real differentiable function in the 
interval (a, b), f(x) be monotonic in this interval, and |f'(x)| <4. Then 
b 
> errifn)— [ E27 12) dx| << A. (1) 
anns ¥ 
a 
In the proof we may take a and b to be integers; for the left-hand 
side is changed by O(1) if we replace a and b by the nearest integers. 


1 S sin 2vrx 
Let x(x) = --> card 
sat v=l1 - 


This series is boundedly convergent, so that we may multiply by 
a bounded function and integrate term-by-term. Thus 


b 
a) 


e 


b 
oy 
; oS ff. owt Hat 
2x1 | x(@ ert IDF" (x) dx = — - — [ sin 2vara e?7* JF" (x) da 


eg SV 
be , 
a v= a 


- b : me 

l : Zz I [ { ri (2) d(e?7't {f(x)+vx} ) — J (x) d(e27iticx)-v2}) | , (i 

2a « J Uf (x)+» f'(«)—v } 

Since each of the functions f’(x)/{f’(x)-+-v} is monotonic and does not 

exceed 1/(2v—1) in absolute value, it follows from the second mean- 
value theorem that the right-hand side of (2) is 


« 


> 4 o( |= 
dont 2v—1, 
Also x(x) = «—|[a|]—} if 2 is not an integer; hence the left-hand 


side of (2 + is “idl to 
b 


Qari [ (x—[x]—4)e2r Mf" (x) de. 
a 
b 


— })e?7" Kaf" (a s) dx — (b—4 je27t f(b) __ (a— 1 je27 f(a) [ e27i T(x) dx, 


. 


a 
* Van der Corput (1), 58. 
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b b-1 n+1 
2a [ [ale /@"(x) dx = >} 2ain | ert IF" (x) dx 
a sai n 
b—1 b 
== > n(e27? Mn+) ¢2mi f(n)) i be27t (6) qe2zi @) __ i e27t f(n), 
n=at+l1 
Subtracting, the desired result easily follows. 

2.2. Lemma 2.* If f(x) ts real and has continuous first and second 
differential coefficients, and f"(x)>r>0 (or <—r) throughout the 
interval (a,b), then 

° l 
[eam He) dp — o(=). 
. vr 

a 

Since f”’(a) has the same sign throughout the range, f’(x) is mono- 
tonic, and so vanishes at most once in the range—say at 2=c. 


Then the integral is 


c—8 c+8 
d(e27* fm) tia (e27* 1) 
[ amire)t | dee +- ft Qnif (x) 
1 1 
|<) co O(8) + O| ——. }, 
(red) + ©) (rere 


by the second mean-value theorem (the first term being omitted if 
c—d <a, the last if c+6 >b). wd 


a 


If’ (c+8)| =|Trea|>s r, 


and similarly for f’(ec—8). ene 
b 


[ e27t Mz) dx — 0(8)+-0(=), 


and the result follows on taking 5 = 1/vr. 
2.3. THroreM 1.} If f(x) is real and has continuous first and second 
differential coefficients, and f"(x) >r (or < —r) throughout the interval 


(a,b), and \f’(b)—f’(a)| = (b—a)R, 
then » Dateien o|' © * S| }+(3 ;) 7 


asncb 


b 
We have R= —- [re dx|>r 


+ Van der Corput (1), 62-3. 


* Van der Corput (1), 62. 
M2 

















164 E. C. TITCHMARSH 
so that if r>1 the result is trivial, the sum in question being 
obviously O(b—a). 

If r<1, divide the range of variation of f’(x) into intervals 
v—}<f'(x)<v+4, where v is an integer, or parts of such intervals. 
Let (a,,b,) be the corresponding x-intervals. Then 


>= 27 f(n) — p2rrif{f(n)—vn} 
ay em hy > ty 
by : 
=O} [ erie de\ + 0(1) 
\ 
by Lemma 1, since Ld {f(x)—va} <4; and by Lemma 2 this is 
Ax 


O(1/vr)+O0(1) = O(1/nr). 

Since the whole variation of f’(x) is |f’(b)—f’(a)|, the number of 
terms of the above form does not exceed |f’(b)—f‘(a)|+2. This 
proves the theorem. 

2.4. Application to ¢(4+ it). It may be worth while noticing the 
result to which Theorem 1 leads in the problem of the order of 
¢(4-+7t). We have* 

C($+1t) = Dn7-#40(1) (#>1). (1) 
nat 


Consider the sum 


N’ 
> one n (N - - N’: : 2N). 














n=N 
This is of the form considered, with f(a) = —tlog a/27; hence 
ae Oe 
(2) = 2x2 87N? 
ond LIS) 8 '. = % 
; N’—-N NF an ~ 2a") ~ 2aNN’ ~ Qn N? 








Hence Theorem | gives 


N ‘ 
> e-Whee on o(vt)+0(*) = O(N), 
\ 





n=N 


if N<t. Hence by partial summation 
Nv’ ; t y 
> at= ol a (N<t?). (2) 
n=N NN, 


* See, for example, E. C. Titchmarsh, The Zeta-function of Riemann (Cam- 
bridge, 1930), Theorem 19. 
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Hence Yatt#—] FY + F +... 


stcn<t st<n<2st 2vic<n<dst 


= 0( vt )+0/ vt 

= Olam) + Cream 

Also > at = OF 2-7) = Of). 
n<vet nat 


Hence C(4+it) = O(#). 
Various methods which ite substantially this result are known.* 


3. Lemma 3.} If f(x) is a real function, and p is a positive integer 
not exceeding b—a, Saal 


a 


> e27t f(n) Oy inde 4(e—a* 5 7 e27iff(n+ +8)—H(n)} \" 
a<n<b Vp " P s=1 ‘a<n i 


Here f(n), and so e?7'/, is originally defined fora<n<b. For 
convenience in the proof, let ied 4” denote 0 if n<a orn > 4 Then 


» a 27 f(n) — — 1 Se S. e277 f(n+a) 
> 


ry q=0 


the inner sum vanishing if n<a—p+1 orn >b. Hence 


4 
YS e2zi fn) <- >|5 e27if(ntad <— (2. > S e27i f(n+a) 7 ¥ 
n ~p 


n 
= q=0 n q=0 


and since there are at most b—a-+-p < 2(b—a) values of n for which 
the inner sum does not vanish, this does not exceed 


9 L 


Qn finsg)| \- 
a) > |/Setrennia)*)! 


n q= 


pol , es 
Z e27t f(n+q)|* — 3 : e27i{f(n+q)—I(n+1)} 


q=0 r=0 


= =p+ 2 2 e27it U(n+a)—Hn+1)} 1 > > e27i{i(n+q)—I(n+1)} 


qa<r 
Hence ; 
p2 Ss e27t f(n+q) " < < 2(b—a) p+2 2 > ye nii(nt+@—Kn+r)} |. 
n 'q=0 r<q 
In the last sum, f(n+q)—f(n+r) = f(m+s)—f(m), for given values 
of m and s, (0<s <p—1), just p—s times, namely, r= 0, g=s up 
to r=p—s—1, ¢=p—1 (with a consequent value of n in each case). 


* See E. C. Titchmarsh, loc. cit., Theorem 11 and the end of 2.21. 
+ Van der Corput (6), Satz I. 
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Hence the modulus of this sum is equal to 


—] 
S (p—s) = e27itf(m+s)—f(m)} | < Py a » e27i{f(m+s)—f(m)}| | 
s=1 


m sy 1 ™ 
Hence 
ne 1 | 9 r=" Oaitt )_ fin)! \ # 
> e277 f(n)| : | 4(b—a)*p+4(b -a)p > > e27iti(m +s)—f(n)} A 


s=1 m 
and the result stated follows. 

1. THEOREM 2. If f(x) is real and has continuous differential coeffi- 
cients of the first saad orders, and f’"(x) > r, (or < —r,) throughout the 
interval (a,b), and _ (a)| = (b—a)R,, 
then Y ein —O galled 

a<n<b | 
We apply Theorem | to the sum 


e27t g(n) 


rs : 


a<n<b-s 

where g(x) = f(~-+s)—f(x). We have 

9") =f"(e+s)—f"e)= | f"dt>sr, — (or <—sry), 
so that we may take r= sr,. Also 

g'(b—s)—g'(a) = {f'(b)—f'(6 Oise {f'(a+s)—f'(a)} 
—_ sf" (B)—sf"(« 

where b—s< B<b, a<a<a+s. Since ee ) is monotonic, it follows 
that g'(b—s)—g'(a)| <s/f"(b) “f (a)|. 
Hence f= g (6—8)—9'(@) < 28 f")-F'@)| = 28R,, 

b—s—a b—a , 
provided that s < }(b—a), which is true if s<p < }(b—a). 

With these conditions Theorem 1 gives 
 Y e27 ai g(n) — _ 9 {O—a)sRe\ 
a: nob s | (sr,)} 

Hence, by Lemma 3, 


gers ys 4 
y g2mi (n) 0(-5")+ LO "> (CF a= 1 
sr 


Lp x "3 


b 
as ct i 


4 ' 


ri pirt | 


{(6—a)?p' R, : b—a | 


(b—a)p' R3) , rol! b—a) | 
nos" \ pS 
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The first two terms on the right are of the same form if p = [r}Ry*], 
and if this is an admissible value of p the result follows. 

If ri Ry? <1, the first term on the right of (1) is of higher order than 
b—a, and the result is trivial. On the other hand, if r} Ry? > 3(6—a), 
the result: becomes trivial on account of the second term; for clearly 

2, >, and hence RE 


a> > {4(b— —a)}*. 


This proves the theorem. 
3.2. Application to ((4+-it). Defining f(x) as in 2.4, we have 
(w) = —t/(7x3). Hence for the sum 


NV’ 
Seeriim  (N<N’<2N) 
N 


we have r, = t/(87N%). Also 
ne t t | “uN+N’)_ t 
2° N'—N|2aN’2 Q2nN?) 2nN2N'2 ~ a N® 


Hence, by Theorem 2, 


¥ ett — 0 (8 )} ‘Va o| Ni (x3) | 
= Pte. (Nt . 


Hence, by partial summation, 
N’ 
¥ n--# = Ott) + O(N) 
N 
= O(t'), 
if N<é. By 2.4 (2) this is true if al < N<talso. Hence 


¥ n- 


nat 
~ 14.00) +0(0)+... 
— O(t' logt), 
since there are O(log?) terms in the sum. Hence 
C(4-+it) = O(# log t). 

4. We come now to the general theorem of which Theorems 1 and 
2 are particular cases. 

TueoreM 3. Let k be a positive integer, and f(x) a real function 
with continuous differential coefficients of the first k+-1 orders; let 
f*V(ae) >r, (or <—r;,,) throughout the interval (a,b), and let 

|f(b)—f(a)| = (b—a)R,,. 
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Then a ((b—a) REC dD) ale (b—a)! WK RX) 
aN i en ed ae 


acncb 
where K = 2*-1 and 0 <a, <1. 
We do not give the actual value of «;, because it cannot be expressed 
in a very simple form, and because, in the applications, R, = O(r,,) 


(1) 


and the terms involving a, cancel. 

If k = 1 the theorem reduces to Theorem 1 (a, = 0); if k= 2 it 
reduces to Theorem 2 (a,=}). Supposing, then, that it holds for 
a particular value of &, we shall prove it for k+1. 


Let g(x) = f(vx+s)—f(x). Then 


) —f'*+D(a) | f* (0) dt>sr,,, (or < —sr,, 1)» 
and for g(x) we may take 7r;,=sr,,,. Also, as in the proof of 
Theorem 2, R;.< 2sR,,,,. Hence the theorem applied to g(x) gives 
((b6—a)(8R,.,.,)"C*-»| Lo {G- a)!-VK(sR,.,,)%*) 


O —; = 
| (s97;.,.,) "44 2) | | (sr;, 1) 14K —2) | 


(b—a)sak 2) RI i 1)) a! (b a) K RM : 


1/(4K—2 Be 1/(4K —2)pox+1/(4K —2) | ° 
r} ‘7 ) | | sll4& Ce ma (4k | 


o} 


Hence, by Lemma 3, 


Sv € 27ri f(n) O| b = a +. 


— 
a<n<b 


0 (b a (b - 1) p1+U4K -2) Rt aK 1) (b a)! UK! eK —2) Re | 2 
|p | (AK -2) T poetliaK 2) ) 


( (b—a) pulse 4) R} 4K 2)) ( (b a)! Wak) Ryo 


b—a 
= LO +o}: eae. sh 
| rises ) | (rp 1/(8k “0 ae —« | 


The first two terms on the right are of the same form if 
: [r} ox DR; 26x », 
and they are then of the form of the first term on the right of (1), 
with /+-1 instead of k. The third term now becomes 
(b—a)! NeW Re rhe 


where 
1 i 


= $a,+ she dow oe : 
De e rey "* “kT 8K—4" (4K—1)(8K—4) 


and, since 
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this gives the second term on the right of (1), with k+1 instead 
of k. 

This proves the theorem if the value chosen for p lies between 
1 and 3(b—a). If rLAK-) R-24K-Y) — ] 
the result is trivial, the first term on the right of (1), with k+1 
instead of k, being of higher order than b—a. If 
r/AK—-) R-2\a4K—-) ~ 1(b—a), 
then, since Ryo. > p15 
Rit i po 
rt 2 +1/(8K —2) ~ R} =) 


r}/(SK—2) 
c+ Sl rr 
> {3(b—a)}, 


and the second term in (1) is of higher order than b—a. 
4.1. Application to ¢(s). Defining f(2) as in 2.4 and 3.2, we have 
poe) 9) — Lad ys kt 
; Qraktt 
Hence in the interval (V,N’), where NV’ < 2, we have 
oe kit 
"* Qk+2— NR+ 


| _ Met 


| f(k)( NY’) __ F(R NV) 
and R,. fe (N") fN) 


N’ 
1 . k+1 
_—. i= &+D(x) dx < = " 
N’-N | NN | SOON) de S se 
N 


Hence Theorem 3 gives 


Bi ees a ae WaK—2)) ee Se -WaK-2)) 
> e2ritin)— O! N LO ala | <a) 
a | ( yea) | ! | NEA, j 


The second term may be omitted if 


n=N 


Ty — ¢K(kKK-K+1 
N < tk (kKK-K ). 


and with this condition we have, by partial summation, 


N’ 
n-o-it — O(N1-& +))(4K—2)—o 71 (K-29), 
N 


n 
Let q be an integer not less than 2, Q = 2%-1, and let 
q+ 
1— ; 
4Q—2 
We have to select the values of k best suited to this value of o and 
the value of N. First take k= gq. Then (1) gives 


c= 


N’ 
> 2 m-o-tt — O(t4e-2)) (2 y < {2GQ-O+)) 
n=N 
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and adding O(log?) terms of this type, as in 3.2, we obtain 


—o—it __ 1/(4Q —2) 
go-4 — Off log t). 
n<t@/(g@@—@+1) 


Next, taking any value of k less than g, we obtain 
? ot ® > 
Nn’ 
> n-?o- a O(N@ +1)/(4Q—2) Hk + 1)(4K —2) 1 “k-®) 
n=N 
_2K K 
(kjp2K—-2K 41 : kKK-K+1 
If t <N<t : 
it follows that 


/ 2K (2 1 k+1 )4 i. 4 
(k+D2K-2K+1 \4Q-2° 4K-2/° 4K *) 


N 
> wee ak 
n=N 


The index of ¢ in (5) does not exceed that in (3), if 
2K (qtl k+l )4+ 3 
2K+1\4Q—2 4K—2) ' 4K—2 ~4Q—2’ 
and this reduces to Q—K > (q—k)K. 
Writing k = q—r, so that r > 0, this is 
(2"—1)K >rK, 
which is true. We therefore obtain the same result as in (3), but 
with nm ranging over the interval given by (4). Adding the results 
for k=q, q—1 1, we obtain . 


, by n-o-tt — Ob (40 ) log t), 
n<t 


and (4) of § 1 follows. 

5. In conclusion we shall consider briefly the circle problem. Let 
R(x) be the number of solutions in integers of the inequality 
u?-+-v? < a, and let x 
R,(x) = | Ry) dy. 

0 
Then it is known* that 


io 2) 
- =" vin 
R.(x) = 4nx?+ ~ \ ) J,{2nv(nx)} 
7 n 
n 


where r(n) is the number of solutions in integers of u?+-v? = n. Hence, 
fT 0<a— 1, 
z+2% 
| {R(y)—zy} dy 
Lat & r(n) x < r(n) 
E+H* YS 1(M) 7 65 la x ” 769 
=- of 2arv(na+nx%)}—— Jf 2a (na 
7 ae n 2k ( I )} S n 2k ( )} 


n=1 n 


r( 


* See e.g. Landau’s Vorlesungen iiber Zahlentheorie, ii. 294-6. 
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+ am 
C+ x ) 


N at 
™ ae : NyJ {2a (ny)} dy + = e ”) J,{2nN\(nx-+-na%)}— 


x r() ro.) 
= Es = J,{2av(nx)} 
+>+>5 = 
say. Now 
ome sin{27v(ny)—}7} , p{ 1 | 
J, {2av(ny)} = a(ny)* aa” 


—— =e j F isonly' ay| + O(a) 


) e27i v(ny), 


2 
where _ 


Similarly, fat |y(a) |} + O(a") 


where = 0) oni v(nz) 
ni 


and a similar result holds ia =. 


».1. Consider ¢(y). We have 


at V{(u?+v?)y} e2mivvn 
oy) =2 -++ 
2 y2 2!y! 
(v4 2v2<N 


Qari V{(p? +0?)y} 
5 yet eom 
(u?+-v?)? 


BpvV(RN) pb <v<v(N—p?) 


and we have to apply Theorem 3 to the sum 
b . 4 4 
> e27i V{((p? +0")y} (a < b< : - 2a). 


v=a 
fe) = (w+v*)ty', 
r=... ja 
(u?-+v*)? (u?+-v*) 
and it is not difficult to see that we have ingore 
[f*(r)| > Cutyk* — (u<v) 
where C depends on k only, though actually we shall require this for 
k = 4 only. Hence for a<v <b < 2a we take r;,= Cy?y!a-*-*; and 
similarly R, = Cy*y'a-*-*. Hence 


peer 


b 
S e2ri usw) — Ofa(u2yta-k-2)MaK-2)} + Ofal-UK (u2yta-k-2)-aK-2),, 


v=a 
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Hence, by partial summation, 


b e277 Vi(u? +p") 


oe O(a (k+2/(4K 2) Mek DyWoK #)). 
(*ty*) 
+ O(a 4-1 KHKk4+2)(4K uu (2K Dy-USK-4)) 
for w<v,b< 2a. Hence 


e277 vi(ue vy} y 
will i v= 
O(u-}-#lak 1)) 4 (pK +KIAK 2) y-UBK 9), 
Hence, if k > 1, 
b(y) = O(N-H8K—DyM8K-4)) 1 O(Nt-U2K)+HBK—Dy-U8K—*), 
Hence 
>; O(N! k|(8K —4) 0 t+1(8K—4)) | O(N! (2K) +k|(8K —4) 0+ W(8K—4)) (1) 
the term O(2*-!) being absorbed in the last term written. 
5.2. A similar argument applies to (x). We have 
Yo Oni Vf(u2+y2)r} - p2rrivvr 
= 4 eam ue v~)ts é 
w(x) = 2 2 S aes ™ 
Tis yi>N 
Be v 


. 2_| 4,2)3 ‘ out Qi ya 
(u*--v*)* Ww 


2v? 


-_ — e27i V{(p? +v*)a 
> > a5 


laud eu y2)i 
BSV(AN) v>v(N—p?*) (u v) 


Proceeding as before, we obtain 


#*) 


e27i Vi(ue v)z 
| O(N 8h + 218K 4) MAK Vy l(8K—A)) | 
(w2+12)! 
+0O(N {-1/(2K)Hk+2)/(8K Dy (2K Ny-U8K—-4)) 
and hence 
= e27i v{(u* v*)r} a , . 
S 7 —___ = Q(N-1-H@K Hy M8K-4)) + 
L, (u?-+12)h 
BSV(EN) v>v(N—p*) 
O( N-3 1/(2K) k[(8K—4)y (8K —4)) 
It is easily seen that the same result is obtained for the other part 
of (x). Hence 


by 7 —}—k/(8K —4)y} +1/(8K —4)) 1 7—}-1)(2K)+k/(8K —4) >} -1)(8K —4) 
} 2 O(N 4a )\+O(n a a 42) 


and a similar result holds for },. 
5.3. The first term on the right of 5.1(1) is of the same form as 
the first term on the right of 5.2(1) if 


N = [x!-29], 
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With this value of NV we obtain 


r+zrm 
| {R(y)—ay} dy = O(w?) + O(a), 
where . 
Py k—2ka—1 
8K—4 
Since R(y) is non-decreasing it follows that 
x{ R(x) —2(x+2%)}< O(x?)+ O(24), 
R(x) —ax < 7x*+ O(x?-*)+ O(2t-2), 
The first two terms on the right are of the same form if p= 2a, i.e. 
o 4K—k—1 
12K—2k—6 
This is least when k = 4, K = 8, and is then equal to 33. But then 
243/82, so that the last term in the inequality can be omitted, 


5 


R(x)—7x < Ax®. 
By considering integrals over (w—2*,x) a similar inequality is 
obtained on the other side. This proves (2) of § 1. 
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ELECTRICAL NOTES 
IV. ALTERNATING CURRENTS IN NETWORKS 

By F. B. PIDDUCK 

[Received 20 April 1931] 
Tus note originated in an inquiry by my pupil Mr. E. 8S. Jackson 
as to how far one is justified in assigning inductances to the arms 
of a network and potentials to the corners.. The difficulties are 
mentioned somewhat timidly by Gray, Absolute Measurements in 
Electricity and Magnetism, 2nd ed., pp. 241-2. The potentials are 
unnecessary and are eliminated by grouping the arms into closed 
circuits; so we have first to consider the self and mutual inductances 
of the circuits and define them if possible for all frequencies of alterna- 
tion. Though practically important networks need no great refine- 
ment, there is a certain interest in finding correct equations, for 
example, for a Wheatstone’s bridge made up of six plain wires 
soldered together. We shall work from the field equations 
47u = curl H, —éH/et=ccurlE, divE=divH=0, u=ocE 
or the corresponding circuital relations, as in the theory of the dis- 
tribution of current in cylindrical conductors. 

Consider a single loop of wire in which current is induced by a 
magnetic field varying sinoidally. The lines of flow or current-fila- 
ments are fixed curves, and f{ u ds/o = —dN/dt for each, where wu is 
the current-density, o the conductivity and N the flux of magnetic 
induction through the filament. Let « and N be complex, containing 
a time factor e“ with purely imaginary index. The time mean of the 
product of the real parts of wu and N is }(u*N+uN*), and similarly 
for other complexes. If dS is the area of cross-section of a filament, 
the total current in the wire is i= f{ wu dS and the circuital equation 
gives { wu*ds dS/o = —rA f u*N dS. Define the resistance of the loop 
so that the time mean } { wu*ds dS/o of the rate of development of 
heat is 4}Rii* in accordance with the usual definition of effective 
value, and the mean flux N through the different filaments to be 
f u*N dS/ fu* dS. Then Rii* = —i*N, or aN /dt+- Ri = 0, the law 
of electromagnetic induction for the whole circuit. 

Let AB be an arm of a network in which two circuits coalesce, and 
let u,, U, be the separate current-densities. Since electrons entering 
the arm from either side become mixed in a small fraction of a milli- 
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metre, u, is proportional to uw, at all points and the constituent 
current filaments interpenetrate in strict proportion. If 7 is the total 
current, we have for the first circuit (> Ri)if = —A { uf N, dS,, where 
summation is over all the arms in the circuit. We can approximate 
for thin wires by extending Maxwell’s theory of geometrical mean 
distance. Let P, Q be two sections of AB distant ds apart, and to 
fix ideas let dS,, dS, be the sectional areas at P of two typical fila- 
ments of circuits 1, 2 respectively. The flux through the whole 
filament 1 due to the Ampérean elementary force of the part of fila- 
ment 2 between P and Q is approximately ds(—2logr + C)ud8, 


\ 8 2 














A 


when the distance r between dS, and dS, is small, and C depends 
on the position of P. The contribution to f{ ufN, dS, of that part 
of circuit 2 between P and Q is therefore 


ds { (—2logr + C)utu, dS,dS, = ds(—2log? + C)iki,, 
where log? = [ log r u¥uy d8,d8,/ ( u¥u, dS8,d8,. 


Since w,, w, in this last equation can be taken from the total distribu- 
tion of flow in the arm, 7 is real. It follows that 
d(external N,)/dt+ L,di,/dt+ Mdi,/dt+ > Ri=0, 

and the circuit equations of any network are correct, if every self 
and mutual inductance is calculated by replacing the two circuits 
concerned by the locus of the centroids of their cross-sections where 
they are distinct, and by two filaments at the distance 7 defined 
above for each cross-section at which they coalesce. At a circular 
section of diameter 2a, 


log F = log a — (ber € ber’é+ bei € bei’£)/&(ber’*€+ bei’*é), 
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where £7 = 87n/10"p, n being the frequency and p the static resistance 
of the wire in ohms per metre. The limitations of the theory are that 
the total length of wire occupied by junctions and points of sharp 
curvature and rapid change of section must be small. 

The electromagnetic scalar and vector potentials V, A both vary 
as e“, and @A/ét+-cE is the negative gradient of cV. Let an arm AB 











contain a nearly re-entrant coil PQ of many turns, and let apsqb be 
one of its filaments. Then if prq is a short line joining p to q, 
d d * * 
Ads+ Ads-+ cE ds. 
dt . dt . : 


aprqb psqrp apsqb 


The first term on the right is by hypothesis much smaller than the 


cV,—cV, 


a 


second. Multiply by u*dS and integrate over the cross-section. Then 
if V,— { u*V, dS/ { u* dS, ete., cV,—cV,, =dN/dt+ Ri, where N is 
the mean flux through PQ when closed by a short length of wire. 
The eliminated potentials are the values of the scalar electromagnetic 


potential at the corners. There are no potentials when current is 


induced from outside in a network of resistances and inductances, 
any more than in a conducting sheet. A condenser whose plates are 
far apart requires an ether, but one with infinitesimal separation of 
the plates falls within the present theory and appears as a doublet 
singularity of V, which satisfies Laplace’s equation elsewhere. 
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I. PLANE PARTITIONS 
By E. MAITLAND WRIGHT 
[Received 16 May 1931] 


1. Tue idea of the ordinary partition of an integer has been con- 
sidered by many writers, with or without restrictions on the size of 
the parts or on the number of parts. Let us confine our attention 
for the moment to unrestricted partitions, and regard a partition as 
involving a definite arrangement of the parts in descending* order 
of magnitude along a line; thus, a partition of 8 is 

431. (1.01) 


Then we may regard this as a one-dimensional or line partition. 
This point of view leads us to an obvious generalization to two- 
dimensional or plane partitions, which may be defined as follows. 
Take any line partition of the integer m and arrange the parts in 
rows and columns, so that a descending* order of magnitude is in 
evidence in each row from left to right, and in each column from top 
to bottom. Each row starts from the first column and each column 
from the first row. Such an arrangement is termed a plane partition 
of n. 
Thus, the particular plane partitions of 8 which are derived from 
the line partition (1.01) are 
431 43 41 4 
1 3 3 (1.02) 
1 


The idea of a plane partition was introduced by MacMahon. He 
deals with the general problem of such partitions, with or without 
restrictions on one or more of the following: 


(i) the size of each part, 
(ii) the number of rows, 
(iii) the number of columns. 
He obtains the generating functiony for each of the various cases by 
means of intricate and beautiful analysis based on his theory of 
Lattice Functions. 


* ‘Descending order of magnitude’ is used in the wide sense. 
t+ Combinatory Analys:s (Camb., 1916), vol. ii, pp. 173-243. 


3695.2 N 
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The case ‘each part not greater than unity’ is equivalent to that 
of unrestricted line partitions. Here the generating function is 


T[Q—2)7=1 + > pln) (n)x”. (1.03) 


Es 
i= 
Hardy and Ramanujan* obtained an asymptotic formula for p(n) 
with an error only O(n-*). 

Of the other cases the unrestricted case is the most difficult and 
interesting from the asymptotic point of view. For this case the 
generating function is 


f(z)= Tla—z’) 7— 1+ s q(n)x”, (1.04) 
t=1 v 


n=1 

where q(n) is the number of plane partitions of » defined as above. 
In this paper I shall obtain an asymptotic formula for g(n) for large n. 

At first sight, the analogy between (1.03) and (1.04) suggests the 
possibility of some simple proof of (1.04) on the lines of Euler’s 
‘intuitive’ proof of (1.03). I have been unable to find any such proof; 
and as from one of MacMahon’s memoirs} it is clear that he devoted 
much attention to the problem of proving (1.04), it seems unlikely 
that a simple proof exists. 

2.1. I use the following scheme of notation: 

f(s) is the zeta-function of Riemann, and B, is the sth Bernoullian 
number; that is, 


vas [ t dy _ 


e27y__] ~ 


ny 
0 


r may ey 
A={(3) c=2| 7% 
(3). ca2{ ose 
0 


B,Byiy __ 20 (28-+2)6(28)k(28+2), 


eGe(eFI)P sp 1) an) 


B, (s <r+1) is the coefficient of in the expansion of 
exp(— : a, y’) 


* Proc. London Math. Soc. (2) 17 (1918), 75-115. The small order of the 
error in this case is due to special properties of the generating function. The 
results of the present paper indicate the improbability of anything similar 
being true in the case of q(n). t Phil. Trans. Royal Society, 211, 77. 
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in ascending powers of y. It is obvious that, so long as s<r+1, 
8, is independent of r. Also, if |y| be small, 


+1 
exp(— > ayy) = 4 Bey? + O(ly|"**); (2.14) 

bs m 18 the coefficient of y?” in the expansion of 
(1--y)*8+2m 2139/12/34 2y)- m—} (2.15) 

in ascending powers of y. 
H and K are positive numbers whose values vary from one occur- 
_rence to another. H is an absolute constant (such as 3), while K 
depends on r only. By |u(n)| = (Ov(n)), I mean that, for any fixed r, 
\u(n)| < Kv(n) 

for all n; and by |u(n)| = o(v(n)), I mean that, for any « > 0 and any 


fixed r, lae() 


v(n) 
for all n greater than some fixed n) = ng(e,7). 
N is a large positive number, to be assigned later, and Cy is the 
circle x| = e-UN 
in the complex x-plane. 
6 is the principal value of -" 2, 


= log|- —0 = peF, 
w= a(2) _rooss 
2z 2p 
Cy — Cyt+Cy, 
where Cy is that part of Cy on which |@| <1/N. 
2.2. The object of this paper is to prove the following 
THEOREM. The asymptotic expansion* of q(n) + 
(225,47) '36¢e 4 ie Ps . 
oe exp(3.2-#Ain!) [1+ a3 wt O(n-t») » (2.21) 
where l 4\ah 
n= =(3) . {(—)"Bybg,n-s(h—s +9). (2.22) 
\m\A & 
From the product form of f(x) in (1.04), we see that f(x) is an 
analytic function regular within the unit circle, every point of the 
* The numerical values of the constants involved in the first term of the 


expansion are given at the end of the paper. 
N2 








180 E. MAITLAND WRIGHT 
circumference being an essential singularity. Then, by Cauchy’s 
theorem, g(z) may be expressed in the form 


1 Le wd (2.23) 


a t 


Qri . . 
Cy 

since Cy encloses the origin and lies entirely within the unit circle. 
It will appear that, to put it roughly, 2 = 1 is much the ‘heaviest’ 
singularity of f(x); and I shall show that, when JN is large, the 
dominant terms in q(n) are supplied by the portion of the integral 
(2.23) on Cy. For this purpose, we need two lemmas with regard 

to the value of f(x) on Cy, Cx respectively. 


3. Lemma I. When x is on Cy, we have 


ee le eee 
f(x)—ez" exp|—| B.2*)| < EN-P-4-uaee"_.. (3.01) 
()| 2 


This is proved by using Cauchy’s theorem in a manner which may 
be adapted to obtain the asymptotic or exact transformation of many 
similar functions. 

We note that for x on Cy, we have 

Ig Ts 1 
p<v2/N and |4¢| < jz. 
We understand by £ a number whose absolute value is less than 
Ke-#’e. 
It is obvious that, since cos ¢ > 1/v2, 


e—(H|p) cosh <e -H|p — E, 


for x on Cy. Also p%(log p)Pe-Hlp — EB, 


if x and § are numbers (positive or negative) depending only on r. 
3.1. Suppose that p is a positive integer and 6 a small positive 
number. Let I, be a contour in the ¢-plane running from ¢=6 to 
t= p-+4, coincident with the real axis except near t= 1, 2.,..., p, 
where we pass rourid small semicircles above these points. Let A be 
the quarter-circle with centre at the origin running from 76 to 5. 
Finally, let Ty, A’ be the reflections of T,, A in the real axis. 
We take that value of log(1—e~“) which tends to zero as t+ +00 
along the real axis, and note that the only singularities of 
__ tlog(1—e~*) 
1—e-27il 


b(t) (3.11) 


> 
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apart from the origin, are simple poles at t= +/, and logarithmic 
singularities at t = + 2/mi/z, where / runs through all positive integral 
values. 

We draw two straight lines, one through ¢ = iw, parallel to the 
real axis, and the other through t = p+}, parallel to the imaginary 
axis. These two straight lines form an indented rectangle with A, T’,,, 
and the imaginary axis from 16 to iw. By Cauchy’s theorem, since 
the integrand has no singularities within the rectangle, 

ae. , sie Pi 

| + | ¥@d=— | 4. | $- | p(t) dt = 1,4+1,+15. (3.12) 

Ip iw 4 iw p+t+iw 


The reader will readily find that, for |4| < }z, 
\I,| < H(8logs+8|log z}), 


and [I] <H(p+z em 
—p 


Now let 5 tend to zero and p to infinity. The limits of integration 
in J, are now iw and iw-+oo; and T, becomes [,, =T (say). The 


equation (3.12) becomes 
0 
| w(t) dt + | p(t) dt = I,. (3.13) 
YT iw 
Let us now consider J,. Making the transformation v = iz, we 
find that ot iw 
[Fq| < Herm ieosd | |tlog(1—e~*)| |dt| = EI(g), (3.14) 
iw 
where 1(¢) = [ |v| log(1—e-*)| |dv}, 


L 
and L is the half straight line in the v-plane from 

v= 4rie'¢cosd 
inclined at an angle ¢ to the positive direction of the real axis. 
Divide L into L, and L, so that, on L, R(v) <4. Then J, is of 


bounded length, and the integrand on JZ, is uniformly bounded for 
¢| <4. Also, on Ly, R(v) > H|\v|, and so we have 


[ |x| log(1—e-*)| |dv] <H | jve*| |dv] <H | |v|e-#' |dv| <H. 
2 3 ss 


Hence I(¢) < H, and we have J,= E. 
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(3.13) now becomes 


— (l—e-*) 


" sat 8 tz) iw 
| tlog(1 e~ =a dt +E, (3.15) 


1—e-27it a= | 
r L 0 


By similar reasoning, we have also 


tlog(1—e~ *) 
a ed 
e27it_] 


[ tlog(1—e-“) ‘+E (3.16) 


e2mil__] dt = [ 
ing 0 
By Cauchy’s theorem we know that 


[ tlog(1—e* 2) in [ Sec — *) a 


earl] 1—e-27it 
= : 
0 3 - (tlog(l1—e-*) tlog(1—e-*) 
ie Hog(1—e*)+ | ihe aan ose 
P3 og( é 4 | e27it__] 1 —e-27it ae 
4 
= —logf(x)— { tlog(1—e-*) dt 
0 
A 
= —logf(x)+ —- (3.17) 


Finally, from (3.15), (3.16), and (3.17), we have 


; A.  tlo (1—e-“) “f tlo (l—e-# ; 
log f(x) vs 22 7 [ ni dt -_ | oni l dt +E, 
0 0 
which reduces to 
(2 sin dyz 
log f(a) =$42 2 f ylog(2 = = y2) dy +E. (3.18) 

« oe , 
0 


3.2. We now proceed to calculate the value of 


"ylog(2 sin }yz) d ‘ 
. 3.21 
2f a ay (3.21) 
0 


From the well-known formula 


2) 
9 
. ad 
ing =e} [(1- s—sI> 
m=1 \ ma 
we have at once, for |r| <7, 
a) a) Qe o oe 
, i (2s)r?8 
log sint = logr — y rs os-a = logr — es! o( y . (3.22) 
— sm 775 8728 
s=1 m=1 s=1 
If we now write 7 = }yz, we have, on the range of integration in (3.21), 
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The series (3.22) is uniformly convergent for such values of 7, and 
sO we may write 


2f y log(2 sin 342) 


dy 
e*7v—] ~ 


. 


0 
w «2 


r+1 uw 
y log(yz) dy —2/ fe 2s)2* fy 
2 | ery] a Z pa ; 


0 e=] s=r+2 
== I,+ S, —- S5. 
Now we have z 
: y log (yz a ain 
1,=2 [ Y8W) ay +0(p-%e-'0 m4 log p) 
0 
— J y log y dy 


gis | ery — 
0 


y dy LE 


L_9 “ 
, Seiad Qry__ es 
=c+logz+E£, 


is 2) 


since | Y dy _ =}B,=} 


ev] . 
0 


Also, by (2.11) and (2.13), 


C(2s)z )z28 f yes dy | BE 
io (2zr)*8 e27y_] ihe 


Finally, w 


2r+5 
1S.| cas >: seep dy 


e27y _ 


w 


y+ dy 
2 
sie ) \erv—1) 


2a 





< Kp?+4 ( . (3.26) 


0 
Combining (3.18), (3.24), (3.25), and (3.26), we see that the error 
terms may all be included in one term, since 


E < Ke-Wle < Kp®*4. 
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Hence, 


and from this we have 


f(a vr) = efzil2eAlz* (Spam 


As 


Now, on Cy, p < v2/N, and 


so we have 


7 —2r—4-1/ 1294N* 


the result of Lemma I. 


4. Lemma II. Given any « >0, we can find an N,= N,(e), such 
that, for all N > N, and all x on Cx, we have 


|f(a)| <exp; {(A— } 14 ¢)N: 2 


The proof of this is very simple. We have 


D 


. oo a eee Lam gm 
Lic) = — S 1 ie. pl = = . 
log fix) = — ¥ Hog(—')= > > 2, aa 


m=11=1 m 


is 2) 
iS x m 
nnd, 


,m(I — |x|)? 


and so 


\log 
og f(x) on 


m 


wg 
‘am! \ar m 
, m(1— |x|)? 


But 5 iis 
” La m(1—|am|)2 ogi(la 
by Lemma I. Also 
x 
(1— |x|)? 


since 


So we have finally 
Hlog f(x) | 
if N > N,(e). 
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5.1. I now put N = (n/2A)!, so that n= 2AN*. It is convenient 
to work mainly in terms of NV, rather than n. We have 


1 = dx 


q(n) = 


2m J 


Cy 
: as Pee 
= 55 + )- ie 
ce cf 


grt 


By Lemma I, 
(14+0/N 
] ; 
1.=7— [ f(e*)e24N"* dz 
2710 
(1-—i)/N 
(1+i)/N , 4 
e = y. 
28+ € 735 ~ 
an ( 3 Bz" m2) exp +e 2AN Zz dz — 
a7 E s=0 z 
(1—i)/N 
a O(N -2r-5-1/12¢3.4N*) 


r+1 
s=0 
(14+0)/N 
Ns +1+41/12 A 2 
where P, = ——— [ ztexp(S +2AN *] dz 
: 271 e is 
(1-iN 
1+i 
one [ pHl2exp! AN? 204 5)| dv, 
272 J | v2} | 
i-f 
if we put v= Nz. 
5.2. Our next step is to obtain an asymptotic expansion of P, in 
descending powers of NV? by the method of ‘steepest descents’ .* 
The curve of steepest descent through v = 1 is found by putting 
3(2v-+v-?) = 0. 
If we write v = X+7Y, and reject the factor Y, we find the equation 
of the curve €, namely, 
(X24 ¥2)2— X, (5.21) 
This is the equation of a closed curve touching X = 1 at (1,0), 
and X= 0 at (0,0), and cutting X= —Y, X= Y at the points 
D (2-*,—2-4), EH (2-4,2-4) respectively. € lies entirely in the strip 
0< X <1. The figure shows the general shape of the curve. 


* Watson, Proc. London Math. Soc. (2) 17 (1918), 117, gives references to 
memoirs discussing this method. 
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We consider the v-plane as cut from 0 to —o along the real axis, 
and we take that value of v"/!2 which is real and positive at v= 1. 
We regard the contour € as starting from 0 and being described in 
the counter-clockwise sense. 

Let us write 2841/12 


) - 1 T20 Dos _] 1) 
&(v) = — sd ‘se ‘st +a) : 
and P= [ £,(v) dv. 

FG 

If F, G are the points 1—7, 1+7, we have 

xX2— Y? 


on the straight lines DF, HG and the parts OD, EO of €. Hence, on 
these contours, since X <1, |v| is bounded, and s <r+1, we have 
|x| 2841/12 _- as 
| e2AN?X — Ke2tAn® 
It follows that 


P—P|< 


8 


t= —1 


In P., we now put = 


)(2v-+1)4, 
\ v / 
that value of the square root being taken which is positive at v= 1. 
Then #2 = 3—2v—v-?, 
and € transforms into the real axis in the t-plane. So we have 
+0 
P, = es 4N® x(t)e AN‘? dt, 


—o 
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prstil2 dy 


where x(t) oi di’ 


5.3.* Near v= 1, we can expand (5.23) in a power series 


i) 


$= 2 In(v—1)™; 


m 


where d, = —iv3. Since d, 40, by reversion of the series we have 


ac 1+ > Int”; 
1 


do _ 


> mg . 
dt 2 Im 


each with a positive radius of convergence. Hence we have 


and 


io) 
x(t) = p a,,t", (5.31) 
m=0 
the series having a radius of convergence greater than some K. 
Since i = 3—2v—v-2, 
dt 1-2. 
ee 
dv vt iv?(2v+1)! 
and so —_= BE eg 
dt 1—v l+v+v? 
rhen, on €, | p2s4Ill2 dp f 
——.— —|< K; 
2mi dt | 


and |y,(¢)| is therefore bounded on the whole of the real axis in the 


we see that 


t-plane. 
Since (5.31) holds on an interval of the real axis near t= 0, we 

have, on the whole of the real axis, 

+3 


Xs(t)— Ss 


m=0 


a,,t”| =F it \2r +4 


+0 


Hence P,= | xe(t)e-4"" dt 
itt 
2r+3 - ae 
=> a,,tme-AN® dt +-M,, 
m=0 =m 
+e 


. - K 
- Mie K ( gor+4e-Aane 
where || <K t*+*e dt < varss" 


—o 


* T am indebted to Watson’s paper (loc. cit., pp. 133, 137) for the method 


I use in this paragraph. 








E. MAITLAND WRIGHT 


io 2) 


[-ene~45 dt = 0, 
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Now 
—o 
if m is odd; while if m is even, 
« 
- V1 Se 
pme-AN*P ae I (3m >) 
j (A N2)k(m +1)" 
—e - . 
So finally we have the asymptotic expansion 
>... 24N? 
P, = P.+0(e24%") 


r+ / 72 
esAN 


-1 
2 N° Go, 1 '(m+4) 
_ g34N* > Gem : +0( : 
0 (AN2)m+t N2r+5 


5.4. To calculate a,,, we proceed as follows. Near ¢ = 0, 
i a) 


x(t) _ > a,,t", 


m=0 


As 


oil 


1 fo dt 
| x 


and so . : 
Qi s f2m +1 


the integral being taken along a small loop around ¢ = 0. 
: 1 PH y2s4t/12 
Then 4am = ——> 5 lv 
* 477? f2m+1 


qy28 +1/12+2m+1 
dv. 


4or?y 


( a 1)” Ps 
‘ 4 (vu—1)2™+1(Qy-1)m+t 


Putting v = 1+ -y, we have 
(— 1)* [" +) ( l +y)8 2m+1+1/12 dy 


Ao, = - 
Lom 4nrt b yen t 1(3 + 2y)” 


——n m ; 
_( ) Ds m by (2.15). 
27 
5.5. By Lemma II, 
|\J,| <exp{(A—}+e)N2+nN-} 
= exp{(3A—4-+¢)N2} < K(N-*-5-112¢3.4"), 
Combining this with (5.32), we have 
r+1 72 
q(n) =J,+4,=¢ >, yeti + O( cea) 
8=0 * F 
rt1 r+] staat 
e any ‘ (—1)™B.b, ,,T'(m+34) , 
px Am+tN2m+s+1)41/12 7 


ee 
a7 
s=0 m=0 


if we take « < }. 


7 


| Q(N-2"-5-112g3.4.N*), 


= 
| 
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Let us now put h = m-+s, and sum with respect to h and s. Then 
s runs from 0 to h; and we may collect all terms for which h >r 
in one error term. We have 


34N th 34N? 
q(n) = san yan{ >. (3) ar 7) + O( sye-cam)- 
If we now write NV = (n/ 24) , we have the result of the theorem. 

6. It is clear that the method I have used could be extended to 
determine the asymptotic expansion of the nth coefficient of other 
functions of a similar type. The essential step in each case is the 
proof of two lemmas corresponding to those proved here. 

The next paper of this series will be concerned with the different 
idea of ‘weighted’ partitions, and, in particular, with the coefficients 
of the function * 


T[ (i—az')-! 


i=1 

The case a>1 seems of the greater interest, but the appropriate 
method is entirely distinct from the one used here. The case a < 1, 
however, which is of less interest in itself, provides a simple example 
of an application of the method of this paper. 

Note. The numerical evaluation of the number c involves that of 
the series ss 

logm __ 0.9375482..... 
m? 


We know* that =—=_4 = {(3) = 1-20205600..., 


and so we have 925 47)1/36,c 
(28.A7)Me* __ 0.4009989.... 


273 


We have also, for the coefficient of n* in the index of the exponent, 
the Vee 3-2-44! — 2.0094... 

The values of g(n) for n = 1, 2,...,16 have been calculated by Mac- 
mahon, and appear in the right-hand column of the table on p. 332, 
vol. ii, of his Combinatory Analysis. In this table, g(n) appears as 
the number of ‘solid graphs’ of m nodes, but the two definitions are 


equivalent. 
* Knopp, Infinite Series, p. 561. 








’ AN ABSOLUTE PARTIAL DIFFERENTIAL 

CALCULUS 
By H. 8. RUSE 
[Received 31 May 1931] 
1. Introduction 
In the Absolute Differential Calculus* of Ricci and Levi-Civita, 
a tensor is a set of functions, obeying certain laws of trans- 
formation, of a single set of variables. The present paper outlines 
a theory of tensor-functions of two independent sets of variables. In 
a certain sense the ordinary tensor theory is analogous to the ele- 
mentary differential calculus of functions of a single variable, while 
the following work is comparable with the theory of the partial 
differentiation of functions of two independent variables. It is true 
that the formation of a covariant derivative in the Absolute Dif- 
ferential Calculus involves partial differentiation with respect to each 
one of the given set of variables, but it is the peculiar nature of the 
subject that the process is thought of as a single operation and is 
usually symbolized by the addition of one subscript to the operand, 
just as the derivative of a function f(x) in the elementary calculus is 
often represented by the same symbol with an: added accent: that 
is, by f’(x). 

Now although on the one hand the suffix notation for covariant 
derivatives is adhered to in this paper, yet, on the other, there are 
two kinds of subscripts (bracketed and unbracketed), corresponding 
to covariant differentiation with respect to one or other of the two 


given sets of variables. This necessity of introducing two notations 
is, from the point of view here adopted, analogous to the similar 
need in the elementary differential calculus, in which the partial 
derivatives of a function f(x,y) of two independent variables are 
often represented by f,(#, y) and f,,(x, y). 

It was these considerations which led to the choice of the title of 


this paper. 

There is no theoretical reason why the ideas presented below should 
not be extended to tensor-functions of any number of sets of inde- 
pendent variables, instead of two only. There is, however, a practical 
reason, for such an extension would involve algebra of an unsatis- 


* This is referred to below as ‘the ordinary tensor theory’. 
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factorily elaborate character. The notation and terminology of this 
paper, based as they are on those of the ordinary tensor theory, are 
already complicated enough without further generalization. 

The subject is treated from an analytical standpoint, although § 5 
contains references to geometry. The earlier paragraphs are devoted 
mainly to definitions, which in themselves contain the essence of the 
paper. In the concluding paragraph appear a few remarks concerning 
the general aspect of the theory. 


2. Preliminary definitions 

Let (2) = (a!,2?,...,2") and (#') = (z1,2#?,...,2") be two sets of 
independent variables. It may be stated at once that Greek suffixes 
will always refer to the x’s (and will therefore take the values 
L 2 n) and Latin to the z’s, taking the values 1, 2,..., Mm. 

Suppose that we have n independent functions f,,(x”) of the (x), 
but not of the (#), and m independent functions ¢,(%’) of the (#‘), but 
not of the (x). We can then define two new sets of variables 
(ac) = (a’!, w’2,...,a’") and (2) = (#1, #”,...,2’") by the equations 

a’ = f(x”), is == 1, 8....,%), (1) 
and zi = $,(z/), (i = 1, 2,...,m). (2) 
Now let 7) denote the array 


Td T12) . : : Tm) 
T2D T2) : i : 2(m) 


Oy en 

where 72, 77)... are each functions, mn in number, of both the 
(a) and the (z*). 

Further, let 

(i) T’#®) be a set of mn functions of the (x) and (#*); 

(ii) ‘7#@) be a set of mn functions of the (x#) and (#”‘); 

(iii) ‘7’ be a set of mn functions of the (x) and (2%), 

Then, if these sets of functions are related by the equations 
a) 
0£ 


'p 
en j= i vee 


° "mh 
TH») — pi be To) (p = 1, 2,..., m), 
ar™ 


'THP) = 


St >’ p 
*T"'wP) — adel 0x Tx\a) 
oz* Oz" 


L= 
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the repetitions of the suffixes « and a implying summations from 
1 to n and from 1 to m respectively, we shall say that 7”) are the 
components of a contravariant double-vector in the systems (x) and 
(z'), and that it has components 7”) in the systems (a’#) and (#*), 
components ‘7'”) in the systems (x) and (%’'), and components 
‘T’“) in the systems (x’#) and (#’'); or alternatively, 7”) will be 


called a contravariant x-vector and a contravariant <-vector.* 

From this definition it is evident that, if the (') are kept constant, 
then T#®, Tv®,...,T#™ are m contravariant vectors in the sense of 
the ordinary tensor theory. A similar remark applies if the (x#) are 
kept constant.and the (%') allowed to vary. The indices » and p are 
therefore ordinary tensor-suffixes, . belonging to the x’s and p to the 
&’s. For greater clearness the tensor-suffixes belonging to the Z’s will 
be placed in brackets in addition to being written in Latin characters. 

More generally, a set of m"+*n?*? functions ead of the 
x's and #’s will be said to constitute a double-tensor if they transform 
according to the laws: 

G2’ Gar2 Ax’ GaP AxP2 —AarBo 


I pi Arrz---Ap Pi P2..-Pr) : . : yX1AQ---Xp( P+) 
"BABB Hg des) Gaon Gye “*” Gar Oar’ Gar’H2"”” Garbo ~ BiBe-Ba\ds--4,) 


for a transformation of the (x#) to the (#’#) with the (Z) unaltered; 


ay’ Ay’ P2 ay! Ax abs 
I] 1 PArr2---AaP1 D2-- D,) __ Ox PF! Ox P2 Ox’ Pr Oe Ox"s rr Ap(arte.dr 
, MipeMoldids4s) Ora, ORG“ Ozer OR” Azide Ma~Hs(Orda-by) 
for a transformation of the (#‘) to the (<’') with the (x) unaltered; 
PITA, .Ap(Py.-Dy) 
I I I. T Pig (M1---9,) 
Ga’ ar!" Gath «Oa OF! BF OF —— OB ng a tty 


62% “ Gx% Ga’ Ga'Po GFN” BEMr AZ’ Oz"de Br-~-Bo'dr.--bs) 


for a simultaneous transformation of the (a) and of the (%'). When 
greater explicitness is required, TAPP) will be described as 
g P1---fto (G1 ---,) 

a mixed x-tensor of rank p+-o and a mixed &-tensor of rank r--s. 

In particular, if a set of functions of the (x) and of the (%+) behave 
like scalars for transformations of one of the sets of variables, and 
like the components of a vector or tensor for transformations of the 
other set, they will be described as forming a scalar-vector or scalar- 


* More briefly, a double-vector is a set of functions of the #’s and z's which 
transforms according to (3) for transformations of the x’s with the %’s un- 
altered, according to (4) when the Z’s are transformed but not the 2’s, and 
according to (5) for a simultaneous transformation of both sets of variables. 
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tensor as the case may be. Thus, for example, a set of » functions 
T,, transforming according to the laws 


r,—°"" 7 {(z*) unaltered] 
up, la [(#') unaltered], 
‘T,=T, [(x) unaltered], 


‘T= om T,, {simultaneous transformation], 
are the components of a scalar-vector, or, more explicitly, of a co- 
variant x-vector and an x-scalar.* 

Similarly, a contravariant 2-vector and a covariant -tensor such 
as T'¥,,, will sometimes be called a vector-tensor; and so on. 

An accent placed after a functional symbol will always, as above, 
denote the system obtained by transforming from the (x) to the 
(a’#) with the (#') unaltered; one placed before the symbol will indicate 
a transformation from the (#‘) to the (%') with the. (a) unaltered; 
and one before and one after will represent the system obtained by 
a simultaneous transformation of both sets of variables. 

It should not be necessary to show that the definitions given 
above are self-consistent, or that the transformation-laws possess the 
reciprocal and transitive properties, for the proofs would be very 
similar to the corresponding theory in the ordinary tensor calculus. 
Moreover, it is evident that sums of like double-tensors are double- 
tensors of the same kind, that products of double-tensors are 
double-tensors, and so on. Obvious properties of this kind will be 
assumed without comment in the subsequent paragraphs. 


3. Scalar-connexions 

A scalar-connexion is defined to be a set of functions of the x’s and 
Zs which behave like scalars for transformations of one set of 
variables and like the components of an affine connexion for trans- 
formations of the other set. 

For example, let ‘>. be a set of n® functions of both sets of variables 
which transform according to the laws: 
da’ dP day, . ax’ Gx 
Gx® Oa’ Gu» BY Gym Oy/Hex"Y 
TT? = re. 
TVA — JA 


pv pv 


. = 


(6) 


* From the point of view of the ordinary tensor theory there are of course 
n of these scalars, namely, 7, 7;,..., T,,- 


3695.2 oO 
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for transformations of the variables of the types indicated by the 
accents. Then the 3 are the components of a scalar-connexion, or, 
as we shall sometimes say, of an x-connexion and &-scalar. 

Similarly, a set of m* functions L”. such that 


qr 
L'?, = Lp 


qr qr 
Oz'P 0%” Ox° 
‘rs. ‘ ™ a 


4p — an 
qr axa Ox’ ox’? bel 


‘LP, —=' Tp 


qr qr 


constitute, by definition, an a-scalar and an &-connexion. 


4. Covariant derivatives 
Let 7’) be a double-tensor of the type indicated by the suffixes. 
For the sake of simplicity a double-tensor possessing only one contra- 
variant and one covariant suffix of each kind is considered, the 
formulae being easily generalized to double-tensors of any rank. 
Let ra. be a given x-connexion and #-scalar, and L?, a given 
x-scalar and <-connexion. Then the double-tensors defined by 


OTP) 7 , Ty 
q l ™ (79) x (p) 
ag + aT se Uae 


THD) = ia) 
oad ane 


vgs 4 


oT un 


vg) | p Pipla)__ Ja He (p) 
=r a a iy 1 via) Le, TUS 


OX 


and THD) = 


vig (r) ~~ 


will be called respectively the covariant x-derivative of TH) with respect 


to the scalar-connexion T,, and the covariant £-derivative of TH”? with 
pv viq@) 


respect to the scalar-connexion LY. That T#'+), and TH”) are in fact 
double-tensors of the types indicated by their suffixes follows easily 
from the definitions of the preceding paragraphs. 

It will be observed that the definitions (8) and (9) are exactly 
similar to those of covariant derivatives in the ordinary tensor theory, 
so that there will be no difficulty in writing down the formulae for 
double-tensors of any rank. It may, however, be remarked that one 
of the covariant derivatives of a scalar-vector or scalar-tensor is the 
set of ordinary partial derivatives. Thus, for example, the covariant 
derivatives of the scalar-vector JT are given by the formulae 


oT 
—_— a Od AL’ 
TH y= Gxt ial, 
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Second-order covariant derivatives of double-tensors. 

In order to avoid the introduction of unnecessarily complicated 
formulae we now consider simply a contravariant double-vector 
Tv, The results obtained can easily be generalized to more com- 
plicated cases. 

By definition, 


OTH) 
TH) y = ann + De, To), 


: eoTH®) 
(p) > 
TH) 


Ao 


478 TR” —Th, TH) g 


a2 (p) aT at(p) p) 
ve eo? T+ Te oT ore, ap) 1 i“ eT Rw 

—— + 14, = +-— 

Cx Gx Ox? Ox? exh 


+r rs rape ore 


Bo Ao ayxB rT Kg _—. 


Interchanging A, o and subtracting,* we have 


TH) Lo— THM) od —_ Poy lm — 2 p> TH) 8 (10) 


ome 5 
where Pt mi © 7? +o r4,—aré, (11) 


Ox” 
and p>, = re —Fr¥,). (12) 
P#,, and >8_ are x-tensors as in the ordinary tensor-theory.t Since 


“Xo 


r * is an £-scalar, they are also Z-scalars. Poe may be called the 
scalar-tensor of curvature formed from 1™,,, and = eB the scalar-tensor of 


torsion formed from Pace 


Similarly 


(p) — y (a)__ 9a ) 
TH) 3 (r) Tee 3(r); (gq) — Rr,1¥ ne 286, 3 (a) (13) 


3 (Qs 
where RP . Lig olin + Dp,L>,— Lp, Lt, (14) 


7 — ar 
_ Ox" Ox , 


€ eee a a <4 
and 8S, = $(L¢,—L¢,) (15) 

* It is assumed that the components of T#) are continuous functions of 
both sets of variables for the ranges of values considered, so that 

2TH) Cx%xr = C2TH /exrEx®. 

+ See, for example, Eisenhart, Non-Riemannian Geometry (American Math. 

Soe. Colloquium Publications, vol. viii, 1927), p. 7, (4.2). 
o2 
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are scalar-tensors which may be called respectively the scalar-tensors 
of curvature and torsion formed from L?.. 

These formulae, which of course are exactly similar to those of the 
ordinary tensor theory, give the permutation rules for successive 
covariant x-derivatives and £-derivatives. 

Consider now the covariant #-derivative of T#™) ,. We have 
eTH) y 


ox! 


o2 TH) € Tp) C Ta) 
wes oi) pe & 
I aA ox : “ee ox I 


Tur) A@ = + Lf, Tr) Xd 


| €¥40a 
+ My ZU a T x(a) + J'ap) - ay aA | 


0x4 
by definition. 
Similarly, 
2TH) oT Ha) ., of) 
TH Pp). = a. LP - I Be eS 
3(qQ), A AZ | aq c S | aA Ord | 
Ox Ox4 CX CX 
. , oLP * 
ES + LPI y Jioka) 1 aes c (1 7) 


Subtracting, 


yap) a (p) 
T' : Az (@ * P’(@,A = 


“5 


ely XA Tp) __ Ling Tra) | (18) 
0x4 our 

Hence, covariant x-derivatives are not in general permutable with 
covariant &-derivatives. In the particular case when I") is indepen- 
dent* of the (%‘) and L?, of the (x), the right-hand side is zero and 


the covariant derivatives are permutable. 


5. Geometrical considerations 
The present paragraph contains remarks of a general character 
concerning the geometrical aspect of the analysis outlined above, and 
should give some indication of the kind of ideas to which the present 
theory leads. 
Let g,, and g,,., be two distinct symmetrical} scalar-tensors of the 
types indicated by the suffixes. Let (g#”), (g#®) be the matrices 


respectively reciprocal to (9,,,), (Gq). Then it is easily proved (as in 
the ordinary tensor theory) that the elements g#’, 7”® are the com- 
ponents of symmetrical contravariant scalar-tensors. 


* In a case such as this we shall say that the I’s are w-connexions and 
x-constants, and that the L’s are %-connexions and 2-constants. 
+ i.e. such that g 


uv = Ivp 804 Ging) = Jragp) 
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Suppose now that (x) and (Z‘) are systems of coordinates in the 
Riemannian spaces whose metrics are respectively specified by 
ds* — Juydarda”, (A) 
ds? = JA E"dx4, (B) 
the former therefore being of n dimensions and the latter of m. 
Since = is an z-tensor and an #-scalar, it follows in general that 
(A) will not determine a definite Riemannian space unless the (2°) 
are kept constant; it is only when the g,, are actually independent 
of the (%') (ie. are #-constants) that g,, does not depend on the 
particular set of values possessed by the (#‘). Similarly, (B) will in 
general determine a definite Riemannian space only when the (2x) 
are kept constant. In other words, to each point of a Riemannian 
space (B) corresponds a Riemannian space (A), and vice versa. The 
formulae (A) and (B) thus really specify two multiply-infinite sets of 
Riemannian spaces. 
Any double-tensor, 7“) for example, will belong to both sets. In 
a space (A) it will be a set of m contravariant vectors T¥®, Tv®,..., 
Te”, and in a space (B) a set of n contravariant vectors 7), 
T%),.... 2° 
A special case may be of interest. Suppose that » =m and that 
the g,,, are Z-constants, so that (A) determines a single Riemannian 
space. Further, let the ¢,,) be the functions obtained from the g,, 
by replacing z!, 2?,..., 2” respectively by <', #*,..., @". Then (A) and 
(B) define the same space and (2), (¢”) are the coordinates of two 
points of it, any double-tensor being a set of functions of the two 
sets of coordinates. For example, the length s of the are of the 
geodesic joining the points (v) and (##) is a double-scalar; the 
derivatives @s/éx", és/0%” are scalar-vectors; the derivative @*s/éx"éx? 
a double-vector, and so on.* 
Return now to the general case when m and n are not necessarily 
equal and g,,,, J», are distinct scalar-tensors. The Christoffel symbols 
va Gra Gye Gru | (19) 


f == 3 
{Au, v} io 39 \ oxk oar ba | ? 


{Gna As GJiqa) 7 Og va) | (20) 


“\ — 1gira) 
{P97} = 39a Gen — oz | 


* Some properties of the function Q = 3s" have been investigated in earlier 
papers. See, in particular, Proc. London Math. Soc., 32 (1931), 87, in which 
derivatives of Q with respect to both sets of variables are employed. It was the 
consideration of these derivatives which led to the ideas of the present paper. 
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are then scalar-connexions, and could be made the basis of a theory 
of covariant differentiation. Examples of another type of scalar- 
connexion are given below. 

Double-ennuples. 

As above, let hilt in 9 yflectdec” (A’) 

ds = J, dzdx4 (B’) 

characterize two infinite sets of Riemannian spaces, g,, and §,,) 
being scalar-tensors.* For the purpose of this section it is necessary 
to suppose that m = n (so that repeated Latin suffixes sum from 1 to 
n as well as Greek), but it is not now being assumed that g,, and 
Jing are derivable from one another by an interchange of the x’s 
and Z's, though that may happen in particular cases. 

Let A“) be a contravariant double-vector belonging to these spaces, 


and write ) 
(p . xp) 
A” for Iuor P 


+ 7 9 
Auip) for a ? (21) 
M) for I oa 


Let the double-vector be such that 


IpqgVrn@ = gr”, (22 


which, in view of the assumed symmetry of g,,, is equivalent ta 


imposing $n(n-+1) conditions on the n? components A“), a legitimate 
proceeding, since n? > 3n(n+1) if n> 1. 
Multiplying (22) by g,, and summing for v, we get, in the notation 
we 
of (21), ME A) = 84, (23) 
where 5# is Kronecker’s symbol. The matrices (A¥,), (A) are therefore 
reciprocal to one another, so it follows that 


MEAP? = BP. (24) 
If both sides of this equation are multiplied by g’” (and a summation 
performed for q), the resulting equation may be written 
ad tal AP), 

a formula analogous to (22). 

If for the moment the (#‘) are kept fixed, it follows from (24) that 
each of the n x-vectors A), AK,,..., 4, is orthogonal (in the sense 
of the ordinary tensor theory) to all but one of the n 2-vectors 


I uv and g'’” may, in particular cases, be respectively %-constants and 


x-constants, so that (A’) and (B’) may sometimes define unique spaces. 
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AED, AHO ._.., AM”. Similarly, (23) shows that, the x’s being constant, 
each of the #-vectors \4, is orthogonal to all but one of the #-vectors 
Ania): 

A double-vector A“) which satisfies equations (22), and hence 
also (25), will be said to constitute a reciprocally orthogonal double- 
ennuple.* 

Such a double-ennuple can be used to define what may be called 
the scalar-tensors of rotation, namely, 


Var) = Aww, vMaXn (26) 


and Yuvo — Aun); @rAy ar, (27) 


— Au) 
Vv 


where Au p),v — — {pv, aA p) 


rig) ¢——— 
and Aug) = a —{Pq, BA ia), 


the Christoffel symbols being defined by (19) and (20). The name 
given to Fy4r) and y,,, is of course chosen on account of their simi- 
larity in Ricci’s coefficients of rotation in the ordinary tensor theory, 
to which indeed they reduce in certain partieular cases. That they 
are actually scalar-tensors follows easily from the definitions. 

It is worth noticing that, unlike Ricci’s coefficients of rotation, 
Vingr) 2NA Yyy_ are not in general skew-symmetric in the first two 
suffixes. That is to say, the statements 

Vinny + Vapr) a 0 (28) 


and Yuvot Yoo ~ 9 (29) 
are true except in special cases. For it follows easily from (24) that 
rune — Inq) 
and hence, by differentiating covariantly with respect to the x’s and 

the Christoffel symbols {Ay, v}, 


Arup), May tA Mo,» me i pq)v? 


where, of course, %,,), is the first covariant x-derivative 09,,,)/0x” of 


* It should be noticed that, the Z%’s being fixed, the n x-vectors AH®,..., AH™ 
do not in general constitute an orthogonal ennuple in the strict sense, for that 
would require A#'? — §”, which is not true. A similar remark is applicable, 
if the 2's are kept fixed and AH) is regarded as an %-ennuple. It is for this 
reason that the word reciprocal is introduced into the definition. 

+ Levi-Civita, Absolute Differential Calculus (Blackie, 1927), p. 271. 
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the scalar-tensor ¢,,,)._ Multiplying both sides of the last equation 
by A, and summing for v, we get 
Vipary + Vann) — Jinan (30) 
Yuvot Yvpo a Inrqr2» (31) 
so that the truth of (28) and (29) is established. 
Lastly, it may be noted that the sets of functions defined by 
an 
ox” 
tp) ON 
and Lz =p (33) 


qr re 
ox' 


Similarly, 


As, =A¢, 


(32) 


constitute scalar-connexions of the types indicated by the suffixes. 
This is easily shown to be true by direct transformation of the 2’s 
and #’s. For example, 
yo OAn’ _ yo 
At, = re, t = AG, =e (b) B= 


“i ” oe Ox'* Ox” | * Ox! 


a@ 8 {\,,08'%) _\, aR” aB'4 aXe’ 

as in Ase or? 

Ox OX Ox 

since the derivatives 0z%'¢/0x° are independent of the (x#). But 
i 


ayb py’a 
Cx” OX 2 52 
On * Ox" = 


whence it follows at once that 
, 
As, = A? 


pv? 
and A¢, is therefore an &-scalar. By a similar method it can be shown 
that it is also an x-connexion,* and that L?, is a scalar-connexion. 
Other scalar-connexions of a similar character are those defined by 
ip — ota) Auta (34) 


Vv . 
B ox 


or e 
and HY, = tr) _ Eo, (35) 
ox" 


a\(b 
or 
en = (b)\ - = ee b 
Since (Kaw?) —e. av) P . JavdvAp ? 
CX 


Ox” 
we get 5 = AP y+ GavyyALr™. (36) 
Similarly, HP = LP +-9 8yr)3, A, (37) 


qr 


6. Conclusion 
The remark of § 1 concerning the extension of the foregoing theory 
to tensor-functions of more than two sets of variables may now con- 


* Cf. Eisenhart, op. cit., p. 48, (18.6). 
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veniently be referred to. A double-tensor requires two kinds of 
suffixes; a triple-tensor (a tensor-function of three sets of variables) 
would require three kinds, and so on. It is therefore obvious that 
a radical alteration in notation, if not in terminology, would be 
required if such a generalized theory were not to be submerged by 
the weight of its own symbolism. 

In § 3 sealar-connexions are defined. It might be asked whether 
there would be any advantage in defining such concepts as those of 
‘double-connexions’ (sets of functions behaving like affine-connexions 
for transformations of both sets of variables), of ‘tensor-connexions’ , 
or of other hybrids of the same sort. The answer appears to be in 
the negative; for the covariant derivative of a double-tensor, formed 
with respect to a double-connexion (or a tensor-connexion) would 
not in general be a double-tensor. 

The work contained in this paper has been presented as a generaliza- 
tion of the Absolute Differential Calculus of Ricci and Levi-Civita. 
From another point of view* it can be regarded as a particular case 
of the same Calculus. Suppose, for example, that 7’), is a covariant 
double-vector, the components being functions of the » variables 
(a) and of the m variables (#'). Write &', €,...,€" respectively for 
x}, 22,..., a", and E"+1, Ent2, En+m for Z1, Z2,..., 7”; also £1, £”2,..., £'™ 
for 2x’1, a’2,..., 2’" and £’"+1, g’n+2,.., €’n+™ for 71, Z’2,..., Z’™. Then the 


laws of transformation of 7’, give 


pee o&” 0&4 ; 
Tp) _— Trad agn ae’ (38) 


where it is understood that Greek indices sum from 1 to n and Latin 

from n+1 to n+m, and where T,,,,) is taken to mean what has 
hitherto been denoted by Ty). 

Now if this restriction on the summations did not exist, and if 

é"+™ could be functions of all the &’’s (instead of the first n 

’s being functions of the first » only of the é’’s, and the last 

m of the €’s functions of the last m only of the €’’s), then (38) would 

give the ordinary law of transformation of the tensor 7’, of the 

second rank whose components are functions of the n+-m variables 

é+m, So a double-vector 7’, can be regarded as an ordinary 

tensor of the second rank, specialized by the fact that the variables 

* The remarks in the remainder of this paragraph are due to Professor 


T. Levi-Civita, to whom I owe my best thanks for his kind interest in this 
paper. 
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are divided into two separate groups of m and m respectively. A 
similar remark applies to any double-tensor. 

This dividing of the variables into two groups is not unfamiliar, 
for it is commonly done when the four-dimensional space-time of 
Relativity is partitioned into ‘space’ and ‘time’. Suspending now 
the summation convention, let 

3 
ds? = > 9g, dxtda” (39) 
pov=0 
specify the metric of space-time, the g,,, being functions of the four 
coordinates x°, x!, x”, 23. Suppose that 2° is known, intuitively or 
otherwise, to be identifiable with the time ¢, and that (x!,x?, 2°) are 
a given set of spatial coordinates. Then (39) may be written 
3 3 
ds? — V*dt? 2dt > w, da#— > a,, dxtda’, (40) 
wal Bevel 
where* V? = Goo, Wy = Jou Any = —Jpy (u,v = 1, 2, 3). 

For transformations of the spatial coordinates (21, x”, x*) only, with 
t unaltered, V? behaves like a scalar, the w,, like the three components 
of a covariant vector, and the a, like the nine components of a sym- 
metric covariant tensor of the second rank. And, if it were possible 
to attach a physical meaning to transformations of ¢ only (21, 2, 2° 
remaining unaltered), V* would behave for such transformations like 
a covariant tensor of the second rank, having of course only one 


component since there is only one variable t; while w,, w., w3; would 


each behave like covariant vectors, and the a,, like scalars. So, 
having thus partitioned space-time into space and time, V* and a,, 
are scalar-tensors, and w,, a double-vector according to the definitions 
of this paper, one of the two sets of variables being, in this special 
case, the single variable ¢. 

Note added July 13: Since this paper was written there has appeared 
in the Annals of Math., vol. xxxii (1931) 451 a paper by A. W. Tucker 
(‘On generalised covariant differentiation’) which anticipates to some extent 
the work presented above, although the point of view is different. Dr. Tucker 
has, in particular, devised a notation which renders practicable the con- 


sideration of tensor-functions of more than two sets of variables. 


* The notation is borrowed from Levi-Civita, op. cit., p. 338. 








NOTES ON THERMODYNAMICS 


III. THE RELATION OF OSMOTIC PRESSURE TO CON- 
CENTRATION FOR DILUTE SOLUTIONS 


By E. A. MILNE 
[Received 19 May 1931] 


Ir was shown by Lord Rayleigh,* and the proof has been generally 
followed in text-books.+ that if a gas is dissolved in a solvent and the 
solution obeys Henry’s Law, then the osmotic pressure of the solu- 
tion obeys the laws of a perfect gas. More precisely, Lord Rayleigh 
showed that, if (a) the vapour-pressure of the solvent is negligible, 
and if also (b) the amount of gas dissolved at any pressure is pro- 
portional to the pressure, and if also (c) the volume of the solvent is 
unaltered by the solution in it of the gas, then the osmotic pressure 
of the dissolved substance is the same as the actual pressure the same 
amount of dissolved substance would exert if it were in the form of 
a perfect gas occupying the same volume as it occupies in the solution. 

Lord Rayleigh’s proof involved the consideration, of a certain 
irreversible isothermal cycle, which may briefly be described as fol- 
lows. Take a quantity of gas at a pressure py, volume vp», expand it 
to a very large volume v,,, pressure p,, bring this in contact with 
a volume V of the pure solvent, allow some of it to dissolve irre- 
versibly (its pressure falling to pj), compress it so that the rest of it 
goes into solution, and finally recover the pure solvent and the 
original gas by means of a semi-permeable membrane, doing work 
against the osmotic pressure. When certain adjustments are made 
(such as choosing an appropriate volume \’) the cycle constitutes an 
irreversible one which approaches reversibility as v,,—> 0, p,—>0. 
When the principle is applied that in this limit the net external work 
performed must be zero, the desired relation follows. This cycle gives 
great insight into the nature of irreversible processes by the intensive 
study of a particular example. 

The object of the present note is to construct a proof of Lord 
Rayleigh’s result, using the methods of Willard Gibbs. The final 
result is more general than Lord Rayleigh’s. It is unnecessary to 
neglect the vapour-pressure of the solvent—it is merely necessary to 

* Nature, 1897, p. 253; Coll. Papers, vol. vi, p. 267. 

+ e.g. Lewis, Physical Chemistry, vol. ii, p. 121 (1920), who quotes also 
van ’t Hoff and Donnan. 
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suppose that the mixture of solvent-vapour and solute (gas) is an 
‘ideal gas-mixture’ in the sense of Gibbs.* This is of course a very 
different matter from assuming that either gas or vapour separately 
are ‘ideal gases’. Further, the final result appears in a form which 
is independent of the precise form of the gas-laws, whereas in Lord 
Rayleigh’s proof Boyle’s law is used. All cycles, whether reversible 
or irreversible, are of course avoided. 

Consider the following system: 


A 





Pure solvent. Solution. Gas-mixture. Pure solute 
(Solvent vapour (gas). 


solute (gas).) 
(Pressure p”.) (Pressure p 


(Pressure p.) (Pressure p’.) mw) 


A 


Semi-permeable Liquid/gas Semi-permeable 
partition. interface. partition. 
Pure solvent, at pressure p, is in contact with solution, at pressure 
p’, across a semi-permeable partition A. The solution is in contact 
with its own vapour, a mixture of solvent-vapour and solute (gas) 
across a liquid/gas interface B, the pressure of the gas-mixture being 
p’(=p’). The gas-mixture is in contact with pure solute (gas), at 
pressure p’”’, across a semi-permeable partition C. 

Let the suffix 1 denote the material of which the solvent is made, 
whatever its phase; let the suffix 2 denote the material of which the 
solute is made, whatever its phase. The primes denote phases. Let 
» with its appropriate suffix and prime denote a partial potential; 
let p with its appropriate suffix and prime denote a density, total 
density in a pure phase and partial density in a mixture. This gives 
a completely adequate notation. For example, 3 denotes the poten- 
tial of the solute in the gas-mixture, p, denotes the density of the 
pure solvent, p;, the partial density of the solute in the solution. 

The temperature is given to be the same everywhere, 7’. 

We first inquire as to the number of degrees of freedom of the 
system. By Gibbs’s condition of the equality of the partial potentials 
of a constituent through all phases in contact we have 


ae 5 (1) 
Hy = By = My’. 


* ‘The Equilibrium of Heterogenous Substances’: Coll. Works, 1, p. 155. 
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By the equality of pressure across the liquid/gas interface we have 
y=F. (2) 
From the fundamental equations of the different phases we have 
p=f(4 T) 
Pp’ =f'(u1,42, T) 
B= Sie T) 
p” =f"uy,7). 
We have thus 9 relations. Assuming 7 to be given, the number of 
unknowns is 10, namely, 6 partial potentials and 4 pressures. The 
system thus possesses one degree of freedom, which may conveniently 
be taken to be any one of the pressures. 

Let us make use of this one degree of freedom to vary one of the 
pressures by a small amount; the other pressures have corresponding 
variations. By the theory of fundamental equations we have 

dp = pydp, (4) 

dp’ = pydp,+podpy (5) 

dp" = pidpi+psdus (6) 

dp” = py'dus’. (7) 

By equations (1) the differentials du,, du,, du{ are all equal, and the 
differentials du5, du5, dus’ are all equal. 

The osmotic pressure P of the solution is given by 

P=p'—p, (8) 
whence dP = dp'—dp, 


(3) 


or by (4), (5), and (7), taking account of the equalities of the dyu,’s 
and of the dy,’s, Loe , 
: &P = (2—1)ap+ Pe dp”. (9) 
Pi P2 
If now (a) the volume of the solvent at pressure p is equal to that 
of the same mass of solvent in the solution at pressure p’, we have 
Pi=Pi-* (a) 
If (b) the gas being dissolved obeys Henry’s law, we have that the 
partial density p of the solute in solution is proportional, at a given 
temperature, to the partial density p} of the solute in the gas-mixture 
in contact with it, and so 
P2 _ constant = k. (b) 
P2 
* This is different from the usual enunciation of Henry’s law. 
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If (c) the gas-mixture of solvent vapour and solute is an ‘ideal 
gas-mixture’, the potentials u3 and y5’ being equal, we must have 


Ps = po: (c) 


The physical assumptions (a), (b), (c) introduced into the exact 


thermodynamic relation (9) give 
dP = kdp”’. (10) 
Integrating and noting that P and p’” must vanish together, we have 
P = kp’, 


whence, by (b) and (c), 


or (11) 


P,P 
Thus the ratio of osmotic pressure to partial density for the dissolved 
substance is equal to the ratio of gas-pressure to density for the same 
substance pure when in the form of gas at the same temperature. 
This result is independent of the form of the gas-laws. 
In the case of a classical ideal gas we have 

pp’ |ps’ = (R/m)T, 
whence P/p, = (R/m)T, 
where R is the gas-constant and m the molecular weight. This latter 
particular result is the usual form of the theorem. 





GENERALIZED MEANS AND THE SUMMABILITY 
OF FOURIER SERIES 
By L. 8. BOSANQUET AND E. H. LINFOOT 
[Received 29 October 1930; in revised form 27 April 1931] 
1. Introduction. The series > a,, is said to be summable by Riesz’s 
arithmetic means of order «a > 0 or, what is equivalent, to be sum- 
mable (C,«) to the sum s when 
> (1 —*)'a,>8 (1.01) 


wW 


nw 


as w>oo. Writing A(w) = y a, (1.02) 
nw 


we may express this by saying that as w—> 00, A(w)—>s (C, a). 

In the same way, if the function ¢(¢) is integrable in (0,1) in the 
Lebesgue or Denjoy sense, ¢(¢) is said to tend (C, «) to the limit / as 
t—+0, where « > 0, when 

1 
a { (1—u)*2f (tu) du 1 (1.03) 
0 
as t+>0. This we may write 
p(t) 1 (C, x) 
as t>0; when ¢(0) = / we have continuity (C, «) or ‘mean continuity 
of order a’ att=0. If d(t)-/ in the ordinary sense, it is said to 
‘tend (C,0) tol’. 

The relations between the Cesaro summability of the Fourier series 

of a function f(x) and the mean continuity at ¢ = 0 of 

P(t) = Hf(w+t)+f(e—t)—2s} 
have been investigated by various writers,t and two of the main 
results are as follows:{ 

THEOREM A. If f(t) is periodic with period 2x and integrable-L, and 
A(t) = Hf(~+t)+f(~a—t)— 2s} 0 (C, «) as t>0, where «a >0, then the 
Fourier series of f(t) is summable (C,a+8) to the sum s at t= «x for 
every 8 > 0. 

THEOREM B. If f(t) is periodic with period 2x and integrable-L, and 
if its Fourier series is summable (C,«) to the sum s at t=x, where 
x > 0, then o(t) = H{f(a+t)+f(~—t)— 2s} 0 (C,a+1-+8) as t+0 for 
every 5>0. 

+ Hardy and Littlewood (4), (5), (6), (7), Pollard (12), Paley (11), 
Verblunsky (15), Bosanquet (1). t See e.g. Bosanquet (1) and Paley (11). 
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If ta)+ > (a,,cos ma + b,,sinmzx) is the Fourier series of f(x), the 
series > (b,,cosmaz —a,,sin mx) is called its allied series. There are 
similar relations between the summability of the allied series and the 
continuity at ¢ = 0 of the function 4(t) = 3{f(a+t)—f(~«—d)}, namelyt 
THEeoreEM C. If f(t) is periodic with period 27 and integrable-L, and 
o(t) = UH f(a+t)—f(a—t)}} +0 (C,a) as t+0, where «>0, then the 
allied series of f(t) is, for every 5 > 0, summable (C, «-+-8) to the sum 
x 
re. [ v(t) dt, (1.04) 
t-0 7 t 
t 
provided this limit existst by some Cesaro mean. 


THEOREM D. If f(t) is periodic with period 2x and integrable-L, and 
the allied series of f(t) is summable (C, «) to s at t= 2x, where x >0, 
then w(t) = Hf(a+t)—f(x—t)}} +0 (C, «+1+4+8) as t+0, for every 
5 > 0, and the limit a 


lim t o(u) 


t-0 7 y U 
t 


du (1.05) 


Jib 


exists by some Cesdro mean and has the value s. 

It has been shown by considering special cases that all these 
theorems are false with 6 = 0.§ 

The main object of this paper is to set up a double scale of sum- 
mability which will enable us to obtain more precise information 
about the relations between mean continuity and summability. To do 
this we generalize the Cesaro-Riesz scale by introducing logarithmic 
factors. 

DEFINITION 1.1. (Generalized summability.) >} a, is said to be 
summable (x, 8) to the sum s, where either « > 0, or «= 0, B > 0, if as 
wW> OC 


Y 


A(% Bey) = 3 B(1—") "log P C a,>s8, (1.11) 


( w, —(n/w) 


where B = (log C), for all sufficiently large values of C. 


The reason for introducing the undetermined parameter C will 


+ Paley (11). 
t The integrals in (1.04), (1.05) are in general of the Cauchy-Lebesgue type. 
§ See Paley (5). 
An analogous scale has been given by Zygmund (18), who obtains results 
concerning power series. But his definition is not equivalent to ours. See 
Bosanquet and Linfoot (2), p. 118, footnote. 
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appear later.} More generally, we may say that } a, is summable 
(a, &,---, &) to 8, where the first non-zero « is erg if as w+ 00 


Altay tv Yq) — > 2B (1—")" [| log>*v nj) >s (1.12) 


now 


for all sufficiently large C,, C,,...,C,,, where B = 4 log’ C,. 
v=1 


All these definitions may be written in the form 


lim > o(1-)a, = 8, (1.13) 
wn & of W@W 


where ®(u) is a suitable summing function and ©(0) = 0, ®(1) = 1. 
Defining A(w) by (1.02), we have 


do —")a, => o(1 —"){A(n)—A(n—1)} 


)-a(s-*S ao) et 


n+l w 


A(n) [ o(1—") du +* A(w) [ #(1—*) du 


Y r 
n lw] 


¢ ; 1 
iz [ @ (1) Aw a = | &a—2)A(or) dv. 
0 


WwW 


. 


The generalized sum is tah simply 
lim j ®'(1—u)A(wu) du. (1.14) 


DEFINITION 1.2. (Generalized mean continuity.) We say that 
fQ)>t (x, B) _(1.21) 
as t->0, where either « > 0, or «= 0, B > 0, if as t>0 
1 
MP f(t) = | ®, p(1—v) f(tv) dv >1 (1.22) 
0 
jor all sufficiently large C,t where 
®, (wu) = Bu*log-A(C/u), B= (log C)f. 
When /(0) = /, we have ‘continuity (a, 8)’ at t= 0. ‘Continuity (0, 0)’ 
is defined as ordinary continuity. Here and throughout, the setting 
+ For instance, in the proofs of Theorems 3.3, 3.4. We show, however, in 
Theorem 3.2 that it is equivalent to say ‘for every C > 1’. 
t Or for every C>1. See Theorem 3.2. 
3695.2 Pp 
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down of an integral is to be taken as asserting its existence in the 
Lebesgue sense unless the contrary is stated. Thus the integral in 
(1.22) is supposed to exist for all sufficiently small values of f. 


2. Before proving consistency theorems for these definitions we 
establish the following fundamental lemma. 


Lemna 2.1. Jf K(u) > 0%s differentiable and wK'(u)/K(u) increasing 
(i.e. non-decreasing) in the interval O0<u< 1 and K(0) 40, and if 
f(x) ts integrable-L in every finite interval (0, X), then 

7 1 ; 
iM gee | 

x K(u) flan) dul < bound | ¢ | K(u) f(tu) du (2.11) 
. 0 ° . | 


t<: 
0 ae 


for 0<7 <1, provided the integral on the right exists for 0O<t < x. 

The hypothesis ‘wK’(w)/K(u) increasing’ is equivalent to ‘log K(w) 
is a convex function of logu’. In particular this is satisfied if 
log K(u) is an increasing convex function of w. 

This is really an extension of a result due to M. Riesz,+ which itself 
includes the particular case of Lemma 2.1, where K(w) = a(1—u)*-, 
(0<a< 1) and f(x) is a step-function. Hardy and Littlewood ex- 
tended it to the case where f(x) is integrable-L,{ and our argument 
is based on theirs. 

Proof of Lemma 2.1. We may suppose 

1 1 
| K(u)du=1 and limsup|t | K(u)f(tu) du) <a 
7 t—+>+0 . 
0 0 
without loss of generality. Let 5 > 0 and 
1 | 
B(x) = bound |¢ | K(u)f(tu) du|+-6. (2.11) 
0: ts x . 
0 


Then it will be sufficient to show that 


7 
7 | K(u)f(xu) du} < B(x) 
a) 
for 5 > 0, «x > 0, 0< <1, provided the integrals exist. 
+ Riesz (13). See also Hardy and Riesz (8), p. 28. 
t In an unpublished investigation. Riesz has also employed a more general 
form. If 0<a<1 and0< é <a, then there is a7, 0 <7 < &, such that 
¢ ~ 2 
t)(a—t)*—1 dt t)(r—t)*—1 dt (7), 
Fay | Pee) ae | H(t)(7—t) $q(7) 
0 ( 
provided only ¢,(¢) is continuous for 0 < ¢t < €. See Riesz (14), Verblunsky 
(16). 


g(x, €) 
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(i) Suppose f(x) continuous in x >0. Let 
a | 
x 
N(é)= bound | [x u)f(xu) du |. 
(= ,_ bound | ais | Kewflew) de | 


0 


Then N(€) is an increasing function; let A be the upper bound of the 
numbers € for which N(é)<1. We shall prove that A = +-00, which 
will establish the first part. 

Suppose A finite. Then A > 0, for there is an open interval (0, Z) 


throughout which B 
7) 8 max if) 
v x 0<t<z 
and hence 
1 


* 
: | K(u)f(au) du | < < Bq maxi f(t) | K(u) du< 1. 


0 0 


Let » >A. Then we can find p’, 7’ such that A<p’ <p, O< 7’ < 
and , 
7 


~ | K(u)f(y'u) du l>1, 
Bu’) | | 
0 
i.e. on writing wu = y’v and p” = p’n’, 
1 


[ Ker'oyfiw’e) de >I 


KA) \f(u"v) dv| > 1. 2.12) 


Now, since B(x) is an increasing function, B(u”) << B(y’) and, since 
uK'(u)/K(u) is an increasing function, K’(v), ee > 7 K'(n'v)/K(7'v). 
Phas d Kae) _ of Ko K)— Ky OKO) — 

dv K(v) (K(v v))® S 
and K(y'v)/K(v) is a decreasing function of v in the interval (0, 1), 
with the value 1 for y= 0. Applying the second mean-value theorem 
to (2.12), it follows that there is an 7” such that 0 << »” < 1 and 


K(v)f(p"v) dv >. 


P2 
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Writing »® = "yn" and proceeding in the same way, we see that 
there is an 7 such that 0< 7® < 1 and 
wo P 
) | K(u)f(uu) du >1, 
0 


|B 


( 

(u® 
and generally 
aK) . 
K(u)f(wu) du > 1 


| 


pe 
Bum) , 
0 

for n= 1, 2, 3,..., where 0< 7” <1 and 

p>p Sp’ >... Spm >aA>o. 


As n> oo, p” > p*, where p* >A>0, and 7” = p"+)/p™ > 1, 


so that sin 1 
* 
> BG) | K(u)f(u*u) du. 


0 
J : 
For | K(u)f(uu) du > | K(u)f(u*u) du, since f(x) is continuous; 
0 0 
pw” / B(u™) > p*/B(u*), since B(x) is continuous; and 
3 
| K(u)f(wu) du > 0, 
vi 
since f(x) is bounded in (0,,). It follows that if A< +0, 


BG) | K(u)f(p*u) du 2 |. 
1 : 
p* K(u)f(u*u) du < B(u*). 


0 


But by (2.11) 


| 


Thus A = + and the lemma is proved for continuous f(z). 
(ii) Suppose f(x) is integrable-L; and assume for simplicity that 
f(x) = 0 for «<0. Write ie 
nP(x) = 1 [ d(u) du. (2.13) 


x =A n 
Then ,,f(x) > f(x) for almost all x, since f(x) is integrable-L, and 


|,P(u)| << max |d(t)|. (2.14) 


i” 
zr—-1/n<t<z 
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Now writing 
1 x 
M, f(x) =z [ K(u), f(zu) du = | K(1—v/zx),, f(~x—v) dv 
0 
4 4 
== % | K(1—v/x) f(w—v) dw dv 
0 x-1/n 
=" ( dw [ K(1—v/x)f(w—v) dv 
xz—1/n 0 
=n [ dw | K(1—v/zx)f(w—v) dv = ,[ Mf (x)], 
x—I/n 0 
then, since f(w—v) = 0 for v > w, we have, by (2.14), 
max | M, f(x)| = max|,,[M f()]|< max | Mf) 
0<t<z 0<t<z <t<z 
I 
= max lt K(w)f(tu) d 
0<t: car é 
3ut, since ,,f(x) is continuous, 
x [ K(u),,f(vu) du l< < max | , f(t) 
_ | 
0 
by the first part; hence the lemma will be established if we prove that 
as n2—>® 7 2 
x K(u),, f(xu) du > x K(u)f(xu) du. 
0 0 
But, x >0 being fixed, 
¢ 5 cal i 
a [ fer) dw =n [ {f,(t)—fy(t—1/n)} at 
0 0 t-1/n 0 
= n{f.(C) C—1/n)}> f, (0) 


uniformly for 0 < ; 2 x, since f,(¢) is continuous, where 


=[fdt, — frle)=| fae 
Hence finally : : 


7 7 
2 [ K(u),,f(cu) du = x[ K(u)pf,(wu))’— | K’'(u), f (au) du 
; 7 ‘ 7 
>[K(w)fy(eu)} — K'(u)f (vu) du=ax | K(u)f(xu) du 


0 0 
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From this lemma we easily deduce three more special results. 


Lemma 2.2. If 
(i) K(u), f(x) satisfy the conditions of Lemma 2.1, 
1 | 
(ii) limsup)¢ | AK(u)f(tw) du | < 0, 
t>++0 | > | 
1 0 
(iii) K(u)f(au) du = 0(a) either as x-> +0 or as x 00, where 
0 
A> -—l, then 7 
| K(u)f(xu) du = 0 (2), 
0 
uniformly for 0 <7 <1, as x > +0 or as x -> & respectively. 
Proof. We have 
1 
bound f | K(u)f(tu) du. <ex*, 
0<t<x . 
0 
provided z< x,(e) or x > X,(e) respectively, by Lemma 2.1. It follows 
that, under the same proviso, 


7 
x | K(u)f(au) du | <exl+A 
0 
for 0O<y< 1. 
Lema 2.3. If 
(i) K(u), f(x) satisfy the conditions of Lemma 2.1, 
1 
(ii) limsup ¢ | K(u)f(tu) du| <a, 

t->+0 : 
0 


(iii) k(u) ts of bounded variation in (0, 1), 
1 


(iv) [ K(u)f(au) = o(2) either as x > +0 orasx—> ©,whereA> —1, 
then ° 7 
| K(u)k(u)f(au) du = 0 (2), (2.31) 
0 
uniformly for 0< <1, as x> +0 or x > ~w respectively. 

Proof. We can write k(u) = k,(u)—k,(u), where k,(u) and k,(u) are 
positive decreasing in (0,1). Then 

7 ™ 1: 
| K(u)k(u)f(xu) du = k,(0) | K(u)f(xu) du—k,(0) | K(u)f(xu) du, 

0 0 0 
where 0< 7,, 7, <1, and by Lemma 2.2 this is 0(x*) as x > +0 or 
x —> © respectively. 
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Lema 2.4. If 
(i) K(u) and K(u)k(u) both satisfy the conditions imposed on K in 
Lemma 2.1 and f(x) satisfies those imposed on f, 
k(u) and 1/k(u) are both ao bounded variation in (0,1), 


(ili) lim sup) {x < 00, 
t++0 
*\ 


lim sup) t j meee f (tu) du | < a, 
| 


then the statements 


| K(u)f(au) du = 0 (x4) as x > +0, +00 
; 0 
and K(u)k(u) f(au) du = 0 (x) as x > +0, +00 
0 
are equivalent for \> —1 
Proof. By Lemma 2.2 


3. Equivalent definitions. Consistency theorems. 

We could alternatively define the (x, 8)-sum of a series > a, as 
C 

lim [ G(1—u)* log P| 5 Alou) du=s (a>0), 


wn » 


. . (3.01) 


lim [ G(1—u)- log-F4 ; : A(wu)du=s (a«=0,8>0), 





WD , 
0 7 


where, as before, A(x) is defined by (1.02), provided the limit exists 
and has the same value for all sufficiently large C. The constant 
G = G(a,B, C) is chosen so that, when A(x) = 1 for x >0, the limit 
sis 1. 

In the same way we could say that f(t) tends (a, 8) to the limit / if, 
for all Pag large C, 


wm fo (1—u)*—1log- pS f(tu)du= («> 0), 


> 


1 


lim | G(1—u)- log-F < fitu) du=1 («= 0,8 > 0). 
ti—0 mee 
0 


To justify this we establish the following theorem: 
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THEOREM 3.1. The new definitions of (x, B)-summability and con- 
tinuity are equivalent to the old. 

Proof. We may suppose without loss of generality that s = 0, 
1=0, and that ¢ > 0 in (3.02), so that we need only consider right- 
handed limits. 

Let the integer > 0 be defined as follows: 

either h<a<h+l1 p> <0} 

or -a=h+l1 B<0 J 

or A=ua@ B>0 (case ii). 
If we take 

O, gu) = Bu*log-8(C/u) (a >—1) (3.12) 
— Bu-log-8&-1(C/u) (a= —1,B>0 
where B is chosen so that ®, g(1) = 1, the (a, B)-sum A(P(w) can 
be written 1 
( ®,, p(1—u)A (wu) du 


0 


(case i 


by (1.14). If we integrate h times by parts and write 


A, (a) = =f 4 A,(t) = A(t), 


this becomes 1 
wh | O05) (1—u)A, (wu) du, 
0 
while the integrals in (3.01), namely 
1 
GB | ®,_, g(1—u)A(wu) du, 


0 
can be written 1 


GBw bad | OM 1 g(l—u)A,(wu) du 
0 
in the same way. Again the integral of (1.22) can be written 
tr { 050 (1—v)f,(te) de, 
while those of (3.02) sisal 
t-" { O” ,, g(1—v)f, (tv) dv. 


0 
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What we have to prove is thus the equivalence of 
1 
{ bY, o(1—u)f(wu) du = o (x") (3.13) 


0 


1 
and foesra —u)f(xu) du = 0 (x") (3.14) 
0 


as x>-+0 or oo. 

In Lemma 2.4 take K(u) = ®%, g(1—w), K(u)k(u) = O%3"(1—u). 
Then it is easily verified that, for all sufficiently large values of C, 
log K(u) is an increasing convex function of u in (0, 1), so that K(u) 
satisfies the condition of Lemma 2.1. Moreover, k(u) and 1/k(u) are 
of bounded variation in (0,1) for all sufficiently large C and the 
third condition of Lemma 2.4 is also satisfied. The result therefore 
follows by Lemma 2.4. 


THEOREM 3.2. To each (a, B) with «a>0 or «a=0, B>0O corre- 
sponds a Cy(a, B)>1 with the following property: The existence 
of (1.14) or (3.01) for some C>C, implies its existence for every 
OSA. 

Proof. Let Cy be such that, for C > Cy, ®,_, g(1—w) satisfies the 
conditions for K(u) in Lemma 2.1. Let C, >C, be given and let 
C>1. Then, taking in Lemma 2.3 

K(u) =[®,-1,8—w)Jo-c,, 
k(u) = log#{C,/(1—w)}log-P{C/(1—u)} 
and A= 0, the theorem follows. 

It follows from this theorem that in definitions 1.1 and 1.2 it is 
immaterial whether we say ‘for an arbitrarily large C’, ‘for every 
sufficiently large C’, or ‘for every C>1’. This means that in our 
definitions C is only a ‘dummy’ parameter. 

We now proceed to prove the consistency theorems for generalized 
summability and continuity. 

THEOREM 3.3. If >a, is summable (a, 8) to sum s, where either 
.>0, or a=0,B >0, then it is summable (a’, B’) to the same sum 
provided either «' >a or a’ =a, B’ >B. 

THeorEM 3.4. If f(t)>1 (a, B) as t+0, where either «>0, or 
x = 0, B > 0, then f(t) +1 (a’, B’) provided either a' > «or a’ = a, B’ > B. 

Proof of Theorems 3.3, 3.4. We may suppose s = 0, 1 = 0, t> +-0. 

(i) Suppose a = 0,8 = 0. Then, in Theorem 3.3, A(w) is bounded for 
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w >0and o0(1)asw->oo. Forw >T, where 7 > 0 is at our disposal, 


we have 
T/w i 
Pica | | 
| OD), g(1—w)A(wu) du) < | |-+ [ | 
0 | 6 | Theo 
T iw 1 
<max |A(t)| | ®), g(1—u) du+ max |A(t)| | ©, g(1—u) du. 


I | 


0 
t>0 Q T<t<w 3 
Given e > 0 we can choose 7' so large that the second term is less 
than }e; 7’ being chosen, the first term is 0(1) as woo provided 
x’ > 0 or a’ = 0, Bf’ > 0. Thus 
; 
| OL. g(1—u)A(wu) du = 0 (1) 
0 
as w->0o, which proves consistency for summability. The argument 
for continuity is precisely similar. 
ii. Suppose « > 0 ora=0,8>0. Let the integer h be defined by 
(3.11). We have to show that for all sufficiently large C 
1 
[ ©, g(1—u)f(au) du = 0 (1) (3.41) 
0 
implies 1 


[ ' g(1—u)f(wu) du = 0 (1) (3.42) 
0 
as x>-+0 or 0, provided a’ >a or a’ =a, B’>f. If we integrate 
h times by parts, (3.41) becomes 


1 
| OD" 3) (1—u)f(xu) du = o0(1), (3.43) 
0 
and (3.42) becomes 
1 
| OY: +7 (1—u)f (xu) du =o0/(1). (3.44) 
0 
In Lemma 2.3 take K(u)= Of 5 1—u)and K(u)k(u) = Of3 (wu). Then, 
for sufficiently large values of C,, K(w) satisfies the condition of Lemma 
2.1, while k(w) satisfies (iii) of Lemma 2.3 in all cases. Condition (ii) 
of Lemma 2.3 is also satisfied, and so the lemma applies; this proves 
the theorem. 


4. The functions gy, 2, Ja, p”: 
In the theory of the summability (C, «) of Fourier series a leading 
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role is played by the functions 
1 1 
g,(t) = (1—u)*-! cos tu du, g(t) = { (1—w)2—* sin tu du (4.01) 
0 0 
which were first studied by W. H. Young.} In this section we intro- 
duce the generalized g-functions appropriate to the present problem. 


DeFINITION 4.1. For C>1, and a>0ora=0, B>0, 
1 


Ix, p(t) = [ 1, e(1—u)ecos tu du, (4.11) 
0 
where D, p(w) is the function (3.12), and J, g(t) is the function obtained 
on replacing cos by sin in (4.11). 
The properties of these functions that we shall employ in the sequel 
are all included in the following two lemmas. 


Lemma 4.2. gy g(t), Jx,g(t) and their successive derivatives are 
bounded in (0, 00) and as to 
T(a)e"-™ 1 


F i 1 
t)ig =-+0{—}4 ae a ee 
9x, p.)+G a, (0) t (3) t* logPt og) ( 


Moreover, the asymptotic formulae for the successive derivatives are 
obtained by differentiating (4.21) formally. 

Considerations of space prevent us from including a proof here, 
but the formulae are obtainedt from Cauchy’s theorem by writing 
1 ie I+ie 
|= | — | , and investigating these two integrals separately. 
0 0 1 
The boundedness of the functions and their derivatives is an imme- 
diate consequence of their definitions. 

Lemma 4.3. If «a>1ora=1, B >0, then 


o 


| 7x, g(u)costu du = 5(1—#)- log-f j s 
0 
and 
[ Jy, g(u)sin tu du = = (1—t)*1log-8 e (0<t<1l) 
| ge 2 1—t 
0 
a= @ (t= 0,t>1). 


+ Young (17). Young’s functions were actually 


t* * 
C,(t) = Tia) | (l—u)*costudu (a>0), C,(t) = cost. 
0 


{t Compare Hardy (3), Hardy and Littlewood (5). 
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Proof. The function (1—t)*-log-*{C/(1—1#)} is of bounded varia- 
tion and continuous for 0 <t< 1 and tends to zero ast+>1. The 
result therefore follows from Fourier’s repeated-integral formula. 


5. The two main theorems. 

We begin with two preliminary lemmas. 

Lemma 5.1. If d(t) is integrable-L over every finite interval (0, T), 
®, g(u) is given by (3.12), where « > 0 or a= 0, B > 0, h ts defined by 
(3.11) and if, for every sufficiently large C, 


1 
| ®,, p(1—u)d(xu) du = 0 (1) 
0 
asx—>-+Ooro,then fz 
d,(u) du = 0 (a"*1), 
0 
uniformly for 0<€ <a, as x> +0 or co respectively.+ 
Proof. This is simply a repetition of the proof of Theorems 3.3, 
3.4 with a’ =h+1, p’=0. 
Lemma 5.2. If (t) satisfies the hypotheses of Lemma 5.1, then for 
0<E<7n< 26, 


7) 


a 


$;,(u) du = (2) log? ‘aie in case (i) of (3.11) 


é 


/ Nae | Y 
= of ( 4 log8+1 ck phit| in case (ii) of (3.11) 
\n—-& oe, A 

uniformly in » as > +-0 or oo respectively. 

Proof. We give the argument in case (i); that in case (ii) is substan- 
tially the same. Since, for every sufficiently large C, u+1-“log®(C/w) 
increases in (0, 1), we have by the second mean-value theorem 

7 n~€§ (n-§)/9 

| d(u)du= | o(n—u)du=n | dy{n(1—u)} du 
é 0 0 
(n-€)/n C C 

= [ yh+1—«]ogB = , y2-1-h log-B — $),{n(1—u)} du 
u u 
0 
(n—§)/n 


po h+1l—-—a Y J 
== a 7 ‘) log? “ } u*-1-h log-B wi $,{y(1—u)} du, 
0 gE u 


. 


4 
t 
+ Where, as usual, ¢,(t) = { ¢,_,(u) du, J,(t) = d(t). 
0 
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where 0 < ¢ < (n—6&)/n, 
-1-h 7 
=x( 1)" log? ats | (1—u)*-1* Jog-8 C iin du. (5.22 
n—€ 1—€, 1—u 
” 
Integrating (5.11) by parts h times, we have 


1 
| O35? —w)p,, (wu) du = 0 (x) (5.23) 
0 
as x-> +0 or 0. Since, for sufficiently large C’, Of;1(1—w) satisfies 
the condition for K(u) in Lemma 2.1, we infer from Lemma 2.3 that 
1 


| (1—u)*-1-* log-F 


0 


dul) du = 0 (7) (5.24) 


as n> +0 or o. The kernel (1—u)*-1-" log-# | a also satisfies the 
—u 


hypotheses of Lemma 2.1, as we easily verify. It follows from 
Lemma 2.1 that 
t 


| @—msa-Mtog-8 dae) d= 0 7" 
q 
uniformly for 0< ¢, << ¢%,<1 as »>-+ 0 or ©, or, which is the same 
thing, as €>+0 or oo. Taking (,=€&/n, (,—=1—{, we see that 
(5.22) is a—-1-h 
( Y] B Cn asl 
i= log? —. 7" 
\\n—2 eae" | 
uniformly in y, as > +-0 or 00. 

THEOREM 5.3. If f(t) is integrable-L in (—z, 7) with period 2x, 
and tf b(t) = flat) +fle—t)—2s} > 0 (a, B) (5.31) 
as t->0, where either «>0, or «a=0, B >0, then the Fourier series 
of f(t) is summable (x, y) to sum s at t = x for every y > B+-1+-a, where 

a=0 if«=0,8=0 and in case (i) of (3.11) 
=1 incase (ii) of (3.11). 
Proof. Let 


(5.32) 


n 
f(x) ~ fay+ 2, (a,, cos mx +5,, sin mx) 
m= 


mai 349+ 3 Cy(X); 


m=0 


f(t) ~ ($a49—8)+ s Cy» (a) COS mt. 
m=1 
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It follows from Lemma 4.2 that for either « >0, ora=0, y>1, 
91+«,,(t) is absolutely integrable in (0, 00) and tends to zero as to. 
Hencey 


fo) 
a 


Ii+.0, y(t) f(t, w) at 


« 


‘ 25 r mt 
= = (}a)—8) [ Iria,p(t) U+= > Cy(x) [ 91--a,y(t) cos— dt 


: "m=1 0 
i gi 
= (Say—s)+ > B(1—™)"log-# en (x). 
1<m<w ss. oe #) 


Thus for « > 0 or a= 0, y > 1 the summability (a, y) of the Fourier 
series (5.33) to sum s at the point x is equivalent to 


ao 


 Jr+a, y(t) $(t/w) dt = 0 (1) 


0 
ao 
w | Jou+1, (wu) d(u) du = 0 (1) 

0 

as w> 0. 
The case « = 0, 8 = 0 has been considered elsewhere.{ We there- 

fore confine ourselves to the case « > 0 or a= 0,8 > 0. We have to 
show that (5.34) is a consequence of 


1 
®), g(1—u) d(tu) du = 0 (1) 
0 
as t>0, provided y > 8+1+a. Given e >0 we can, by Lemma 5.2 
with «> +0, choose 6 > 0, so that for 0<€ << 2€ <8 
7 
a—1—h 


| d,(u) du <n} art log®+* 4. (5.36) 
A ‘ay, ie 


Write ‘ 5 ‘ 
© | Just, (wu) (uu) du=w | +w | =JS*+J**. 
0 0 5 
Then, for every 6 > 0, J**+0 as w>oo. For by Lemma 4.2 
Jutt,y O(t-?)+ O(t-*—1 log-”t) = O(t-* log-1-*t) 


+ By a well-known theorem. See Hobson (2), p. 583. 
t Bosanquet and Linfoot (2). 
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for large t, where k > 0 provided a > 0 or a= 0, y >1. Thus, writing 
t 
\p(u)| du, we have for w > 1/8 
f 


JtF<A [ wlog-**(cou) ib(u)| du 
r) 


<A|[u" log--tau*(u)] +Al [ u~*log-*-*(wu) O*(u) au, 
5 
where the A’s are independent of w, 


= Ad-! log-1-*(wd) ®*(8)+ [ u~log-!*wu O(u) du 
3 
= O(log-!*w) + O(log-*w) = 0 (1) 
as woo. Again, integrating J* by parts h times, we have 


5 
nr t y) 8 i G ( P ) 
J* => (— 1a" *g?, (cor), a(t) +(— Iho [ 9 5 (cou)gy(u) du, 
si 0 
and the integrated terms are all 0(1) as w—>0o, by Lemma 4.2. Now 
let + = [wd] and write 


5 iw 1 ot Die o 


3 ° 
h+1 


1 
ey tt Jost, (wU)h,(u) d wht ay 4 rg 20 a +w 
0 


vw T@ 


3 
= Jp Sy Ltd. (5.37) 
v=l1 


By Lemma 4.2, g(t) and gq) y(t) are both bounded in (0, 00) and 
O(t-* log~t) as hie, so that 2 ,(t) is of bounded variation in 
(0, 00), and in any interval (v,v+1) is the difference of two positive 
decreasing functions each of which is O(v-*-! log-YCv) as v> oo. Thus 
h+1 1 
J,|\<Aw"*! max j d;,(u) du = w"**o or =o/(l), 
0<A<p<1/H 


and, for v>1, 


J.) << Aw!+4y-*—1log-7Cvy max | "bal u) 
v<A<p<vtl| | vl 


where the A are independent of w, v. Taking = v/w, » = (v+1)/w 
in (5.21), so that »/(n—£) =v, we have for every sufficiently large C 
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+1\'# 
J,,|< Aw" +y-*-1 log-7Cv . °(". ey y2-1-h JogB+* Cy 
Ww / 
= Aev-!log®+*-rCy, 
A precisely similar argument shows that, for every sufficiently large 
C, \J,| < Aer log®+*-1(Cr). Thus 
J*|<o(1)+0( +e ¥ tog? i Cv) 
<o(1)+Ae > v- log8+*-1( Cv) 
for y > B+1+2, and so J*>0asw>o. T his iiealilal the proof. 
THEOREM 5.4. If f(t) 1s integrable-L in (—7, 7) with period 27, and 
if at the point t= x the Fourier series of f(t) is swmmable (a, B) to sum 
s, where x > 0 or a= 0, B >O, then 
o(t) = Hf(a+t)+f(e—t)—28} +0 («+1, y) (5.41) 
as t->0 for every y > he 1+-a, where a is defined as in Theorem 5.3. 
Proof. We may suppose s = }a,=—0 without loss of generality. 
By (1.2) our hypotheses can be written 


[ , g(1—u)A (wu) du > 0 (a >0; «= 0, B > 0) 


A(w) > 0 (x= 0, B = 0) (5.42) 


as w—> oo, and our conclusion, which, since ¢ is even, can be stated as 


{ ®, ,(1—u)d(tu) du > 0 (5.43) 
0 
as {> +0, may, since ®,, ,(1—u) is of bounded variation in (0, 1), be 
writtent 1 
(i) | ®, ,(1—u)cos ntu du > 0 (5.44) 


0 


> OnGa 4, (nt) > 0 (5.45) 
n= 


as t>+0. Since A(n)g,,1,,(nt) = 0(n)O(n) =0(1) as n>, the 
sum in (5.44) may, by Lemma 4.2, be written 


2 {AoA Warf) = 3 Alans) Fausa,yL(m-+ 1} 


n=1 


as t> +0, i.e. 


=— > A( (n) i ad (tu) du = — j 941, y(tu)A(u) du. 


n=1 


+ By the theorem quoted in the proof of Theorem 5.3. 
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Thus we have to prove that (5.42) implies 
[ 911, ,(u)A(wu) du > 0 (5.46) 
0 
as w—-> OO. 
Consider first the case «= 0, B=0. We shall prove that (5.42) 
implies (5.43) for y > 1. Given « > 0, we can, since A(t), gj ,(t) are 
bounded in (0, 00), choose § > 0, so that 
r) 
9}, (u)A(wu) du < }e 
0 

for allw >0. Then 8, e being fixed, 


ao 


, 


u)A(wu) du) < peer |A(t)| [ gi, (u)| du< de 
see 5 
for w > wo(e), since the integral converges for y >1. Thus if y > 1, 
[ 9, (u)A(wu) dui<e (5.47) 


0 
a 


> wy (€). 
Next suppose « > 0 or a= 0, 8 > 0. Integrating the left-hand side 
of (5.46) by parts h times, we obtain 


fore >0, w 


[ G41, (U)A(wu) du 


0 
wo 


[ gr (u)A; (wu) du. 


ee) ss oo (—1)* 
SO ats, (WA fou)? + 
| w 0 w 
Since A,(t) = A(t) = 0 (t) as t+ 00, A,(wu) = 0(u”*) as u—> oo for every 
w > 0. Moreover by Lemma 4.2 
ge, (u) = O(u-’-*) + O(u-* log-7Cu) 
as u-> oo and so the integrated terms vanish for y >8+1+a. Thus 
| ait _ (=3F (h+1) A d ~ 
GJx+1,,(U)A(wu) du = —,- 91, (U)A;,(wu) du. — (5.48) 
Ww 
0 0 
Given « >0 we can, by Lemma 5.2, choose 7’>0 so that for 
<9 <2 
7 


(5.49) 


a—1—h C 
A,(u) dui<e a | mr loge+= 7 
ss n—€ ° n—€ 


. 


£ 
$ 


Q 
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Then writing 
oa - ~ 
— he = he | he 
{ > Gls) (uA, (wu) du = =. = =J,+d,, 
wt 5 Y wt w! . - 
0 0 T 
we see in the first place that J, = 0(1) as woo. For since g*}) (u) 


is the difference of two bounded positive decreasing functions in 





t 


(0, 00), 
be 
A a i 1\1 
J,|<— max A;,(wu) du of — )—o (w'+1) = 0 (1), 
w" ocr BST! Y w"] w 
A 
by Lemma 5.1. Again 
2 (—l1) T. F 
J, 2 i | Ge (u)A;(wu) du. 
v=1 T+v-1 


By Lemma 4.2, g**)(u) is in (7'+v—1, T+) the difference of two 
positive decreasing functions, each of which is O(v-*-!log-”Cv) as 


vo. Hence, as in the last theorem, 


T+y 
(—1P ff 
— IT (u)A, (wu) du 
T+v-1 

4 T +p 

<—v-*"log-7(Cv) max A;(wu) du 
w v—-1<A<p<v A 

- 


< 4 v-*-1 log-”(Cv) <(T+y) +1( T'+-y)%-1-h log®+ ={C(T'+v)} 
< Aev-! log? +3+¥( Cy) 


for v>1, w>1, and all sufficiently large C. Thus 


1 
fore > 0, w > 1, T >7,(e) and all sufficiently large C. Since the series 
converges for y > 8+1+2, it follows that for such a y 

[ x41, (U)A(wu) du > 0 


0 


as w-> oo and the theorem is proved. 


|Jy|-< Ae ¥ v-log+®-1( Cr) 


6. In this section we discuss briefly the corresponding problem for 
allied series, and give the theorems analogous to Theorems C and D 


of the introduction. 
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THEOREM 6.1. If f(t) is integrable-L in (—z, 7) with period 2n, 
and if b(t) = Hf(x+t)—f(a@—t)}} +0 (a, B) (6.11) 
as t->0, where either « > 0, or «= 0, B > 0, then the allied series of f(t) 
is summable (x, y) at t= x for every y > B+-1+a where a is defined as 
in Theorem 5.3, to the sum fe 


lim = (= du (6.12) 


+0 7 
i 


provided this exists} by some Cesadro mean. 
Proof. Writing 


p(t) = H{f(w+t)—f(x—t)}}~ >> (b,,, cos ma —a,,, Sin mx) sin mt 


= >} é,,(x) sin mt, 
m=1 
we deduce from Lemma 4.3, as in the proof of Theorem 5.3, that the 


summability («, y) of the allied series > €,,(x) to sum s is equivalent to 


~ [ Ju+1, (wupp(u) du > s (6.13) 


7 


e 


0 
as woo. The rest of the proof is similar to that of. Theorem 5.3, 
gi ,,(wu) being replaced by the function 
h} ! 
as (—1)*A! 
Gu) 1, (wu) — 
a+l,y wlttlyh+t 


in the interval (1/w, 00). There is an additional term 


2a f P(e ) du; (6.14) 


yr 


Iw 
by induction it tends to s as w-> 00, which gives the desired result. 

THEOREM 6.2. If f(t) is integrable-L in (—z, 7) with period 2x, and 
if the allied series of f(t) is summable («, 8) to s at t= x, where either 
x >0, or a= 0, B > 0, then 

Ht) = Hfl@+)—fla—t} +0 (a+1,y) (6.21) 

as t+>0 for every y > B+1+2, where a is defined as in Theorem 5.3, 
and the limii i 


lim = [ (uw) du (6.22) 


t+0 7 Y Uu 
t 


exists by some Cesaro mean and has the value s. 
+ The integrals in (6.12), (6.22) are in general Cauchy-Lebesgue integrals. 
Q2 
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Proof. Supposing for simplicity that s=0, we may write our 
hypothesis in the form 


1 
} ®a,e1—wA(wu)du>0  (a>0;a=0,8>0) (6.23) 
0 _ 
A(jw)>0 («=0,B=0) 
as w—> oo, where A(w) = > é,,(2). (6.24) 


maw 


We have to show that for y > 8+-1-+-a this implies 


1 
| ®,,,(1—w)xp(tw) du > 0 (6.25) 
0 
9 
and = [ ¥(u) du->0O (C) (6.26) 
a7) w 
i 


as t-> +0, since ¢ is an odd function. As in the proof of Theorem 5.4, 
we can write (6.25) in the form 
8) 


( Gu+1, (uA (wu) du +> 0 (6. 


or) 
bo 
~I 
— 


0 
as woo. The argument then follows that of Theorem 5.4. 

Finally (6.26) follows at once from Theorem D of the introduction, 
since our hypotheses ensure that the allied series is summable 
(C, h+1). 
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A CLASS OF ARITHMETICAL IDENTITIES* 
By A. OPPENHEIM 
[Received 20 May 1931] 


1. Foreword. The identities discussed in this note require no pre- 
vious knowledge for their comprehension. We employ only ele- 
mentary algebra. To illustrate the type of identity 1 quote the 
following result due to Uspensky.+ 
Suppose that F(X, Y, Z) is any function of X, Y, Z such that 
F(—X,Y,Z)= —F(X,Y,Z), F(X,—Y,—Z)= F(X,Y,Z). (1.1) 


Then 


> F(y+z,2,y—z) = 2 > F(z—2x, x+y, 2x+ 2y—z) (1.3 


where in each sum 2, y, z range over integral values such that 
a -yz= Nn, y > 0, > ©, (1.3 


and v is a given number which is not a square. If n is a square, 
a certain easy modification is necessary. 

In a recent note{t Uspensky has given some new formulae which 
were obtained, he remarks, by ‘groping in the dark’. Once found 
their proof is simple. 

It may not be out of place therefore (i) to give a general identity 
which will include identities such as these, and (ii) to show that the 
condition (1.1) on F is needlessly restrictive. 

These identities, we may note, have been applied with much suc- 
cess, notably by Nazimov and Uspensky, to the study of class- 
relation formulae and the number of representations of a number by 
certain quadratic forms. 

In this note I confine myself, however, to the establishment of the 
identity which follows. 

* T am indebted to the referees for various suggestions. 

+ For references see L. J. Mordell, ‘On an arithmetical formula’, Jour. 
London Math. Soc., 4 (1929), 291-6. 

t J. V. Uspensky, ‘On incomplete numerical functions’: Bull. American 
Math. Soc., 36 (1930), 743-54. There are three misprints on p. 748. Read 
A’+3A—2h, A—A’—2h, A’—9A—6h for A’+3A—h, A’—A—2h, A’—A—6h 


respectively. 
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2. Statement of the identity. Let yu, v be any fixed real numbers, 

not necessarily integers. Let F(X,Y,Z), 6(X,Y,Z) be any functions 
of X,Y, Z subject to the conditions 
F(X, Y, Z)+ F(X, —Y, —Z)+ 

+ F(—X,Y, Z)+ F(—X, —Y,-—Z)=0, (2.11) 

¢(X, —Y, —Z)=9(X,Y,Z), $(—X,Y,Z)=¢(X,Y,Z).* (2.12) 

Let S=)> F(y+z,z—y, 2) (2.2) 

over integers x, y, z such that 
d(y+z,z—y,z)=n, y>O, z>0, va+py—pz4~O0, (2.21) 


where n is any given number. 


Lel 8S’ => {FE,7,0+FE, —7, —9} 
over integers €, n, € such that 

d(€, 7, 6) = 0, € = n (mod 2), £> >, pn >vl, 

+n +0. 
Under these conditions we shall have 
S=8’. (2.4) 
Before proceeding to the proof, we observe that in Uspensky’s work 
we have essentially 
(X,Y, Z) = X*— Y?2+-Z?, d(y+z,z—y, ©) = 22+ -4yz. 
To obtain contact between our identity and those of Uspensky it 
is necessary to employ a special case of the transformation 
w(E-+n) = 20’—dy'+2"), En =2y', oh = 22’, 
which is such that 
Au(E2— n?) +20? = a’2+-4Ay’2’. 
Herein » and v are now integers and A is an integer; 2’, y’, z’ are 
integers such that €, n, ¢ satisfy the conditions above. For Uspensky’s 
new identities take A= 1, »n=v=4andA=1, p=v=2. 

One more observation may not be unnecessary. The solutions of 
¢—=n may be infinite. In that case we naturally assume that F is 
such that each of the three infinite series arising in S and S’ is abso- 
lutely convergent. More simply we may suppose that F(X, Y, Z) is 
zero outside the cube whose vertices are (+ R,+R,+R) where R 
is any assigned number. 


* The most general ¢ of the second degree is aX*+bY?+2fYZ+cZ?+k, 
where a, b,..., k are any constants. 
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3. Proof of (2.4). The functions F and ¢ being well-nigh arbitrary, 
it is evident that in order to prove our identity we must set up certain 
one-one correspondences between the solutions of ¢(y-+-z,z—y, x) =n 
and the solutions of 4(&,,¢) =; and these relations plainly must 
be of the form 
E=ytz, 9 y, x (3.11) 
or é’ = y+2, n’ = yz, = —2x (3.12) 
since (—2,z, y) is a solution of ¢(y+-z,z—y, x) = n when (x, y, z) is one. 
We apply (3.11) to those solutions (x, y,z) which satisfy 
y >0,2> 90, VX-- BY < pz. 
The corresponding &, 7, ¢ are integers such that 
A(€,, 6) = 2, € = yn (mod 2), f> #, ta) 
Etn>0. 
Conversely, if (€, , ¢) satisfy (3.21) and (3.22), then (x, y, z) satisfy 
(3.2). 
We apply (3.12) to those solutions (x,y,z) which satisfy 
y>0,z>90, va+py > pz. (3.3) 
Then the corresponding €’, 7’, ¢’ satisfy the same equations as do 
&, y, C in (3.21) and (3.22). Since (3.2) and (3.3) are equivalent to 
S> 7] 1 
(2.21), it follows immediately that 
S’=)> {F(é, , 0) + F(é, —n, —f)} (3.4) 
extended over integers &, 7, ¢ subject to (3.21) and (3.22). 
The identity (2.4) will result provided we can replace the condition 


f+yn>0by +740. Let S denote the sum (3.4) extended over 


£, n, subject to (3.21) and 
£in<0. 
From a set €, », ¢ satisfying (3.21) and (3.22’) we obtain another 
set €’, 7’, C’ satisfying the same conditions by means of the self- 
reciprocal substitution determined by 
é’= —, 7’ , anf (3.5) 
which yields 
é’+n' = —£+n<0, ttn! = E1n<0. (3.51) 
Since ¢(—X, Y, Z) = d(X, Y, Z), we see that as (€, 7, ¢) runs over 
the set of integers which satisfy (3.21) and (3.22’), so also does 
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And consequently, the sums being subject to (3.21) and 


S= > {FE 1,0+FE, —2,—0)} 
=> (F-89104 F(-€, —1', 0} = -8 
in virtue of the condition (2.11) on F, so that 
S=0. (3.6) 

The identity (2.4) follows from (3.4) and (3.6). 

4. Summary. It will have been observed that the linear forms 
y+2z, z—y, x occur constantly. The reason is not far to seek. The 
matrix of the substitution X = —x, Y =z, Z=y has latent roots 
1, —1, —1. It follows that just one linear form is unchanged by the 


substitution and that an infinity of linear forms are changed simply 


in sign: the former is y+2, and the latter are linear combinations of 
x and z—y. 

It is these facts that have been essential from the algebraic point 
of view in the preceding analysis. The rest of the analysis is dictated 
by elementary considerations of number theory. 








. PARTITION-GENERATING FUNCTIONS 


By T. W. CHAUNDY 


[Received 11 July 1931] 


Mr. E. M. Wricut has called attention in this number of the 
Quarterly Journal to MacMahon’s theory of ‘plane partitions’, and 
in particular to the absence of any ‘intuitive’ proof of MacMahon’s 


generating function of plane partitions* 


xc 


Ty Q—2")~. 


r=1 
From the nature of the problem an intuitive proof seems unlikely, 
but it is possible to devise an algebraic technique which gives the 
result more rapidly than MacMahon’s own method of “‘lattice func- 
tions’”’. 

MacMahon made a fundamental contribution to partition-theory 
in prescribing the monotonic order of parts in the partition, and the 
gist of the method here to be described lies precisely in the embodi- 
ment, in algebraic form, of this monotonic condition. The principle 
of the method is most simply seen, if we apply it in the first place 
to the linear partition aa’a”..., arranged, of course, in non-ascending 
order. 

Consider algebraic functions €, defined for all positive integers (and 
zero) a by the recurrence-formula 


a 


e. = > ve... (1) 


Out of the infinite series a 


€.=2) wba» (2) 


a=0 

regarded as a generating function, we can build ttpa power x” in the 
following way. In (2) pick out any power a“: this brings with it its 
coefficient €, in which, by virtue of (1), we can pick out any power 
«x, where a’ <a. This again brings its coefficient €,,, in which we can 
pick out any power 2“’, where a” <a’. We can proceed in this way, 
not actually ad infinitum, since a finite x” is prescribed, but certainly 
ad libitum. 

It is evident that, when at length we have built up the power 2”, 
we have obtained pari passu the partition aa’‘a”... of n arranged in 


* Combinatory Analysis (1916), vol. ii, p. 243, § 495, the last formula. 
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non-ascending order. Thus &,, is the generating function of such parti- 
tions and, in particular, &, is the generating function of such partitions 
in which the first (and therefore each) part may not exceed a. 

To clinch the argument let us solve the equations (1). Subtraction 


ee a—Fa-1 = Xba» 

i.e. Fa = $a-1/(1—2"). 

If conventionally we take € = 1, we have evidently obtained Euler’s 
generating function of linear partitions. It should be observed that 
the recurrence-relations (1) define €, uniquely, when the initial &, is 
known; it is therefore sufficient in solving these relations to find a 
general £, which satisfies (1) and reduces, when a = 0, to the right £. 


1. Two-rowed partitions 


I now consider two-rowed partitions 


aa’a"... 

bb’b”... 
in which the monotonic principle is observed both vertically and 
horizontally. I think of such a partition as a 'inear partition, in 


(5)(6)(6-) 


doubled parts 


and introduce the corresponding generating function €,, (a >)b), 
defined by the recurrence-formula 


Ew = > rt... 
where the summation > is taken over all integral values of r, s subject 
to the inequalities 
a>r>0, b>s>0, r>8é. 
Such a summation*we may clearly write 


b a 


5 = = > we. (3) 


s=0r=s 
Again it is not difficult to see that this recurrence-relation defines 
é,) uniquely, once the initial £9) is given. Taking £9) = 1, I proceed 
to build up a solution. 
Clearly, if the monotonic condition were waived down the columns, 
the two-rowed partition would be a mere combination of two linear 
partitions and we should have simply 


Eqn = t. fy. 
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Putting this in (3) as a trial solution, we get on the right 


b 
S 
_ 


b 
tn > é. = yp w(Eq = és Es by (1), 


0 T=8s 


s 


Again, taking a second trial solution 


Ean = SariS0-1 (0 


we get on the right of (3) 


We see from (4), (5) that 

Sap = Ey 
with the convention that € with negative suffix vanishes, satisfies (3); 
and, since £5, = 1 = 5, it follows that (6) gives the generating 
function of two-rowed partitions in which the leading terms may 
not exceed a, b respectively. 

This, as is well known, is also the generating function of two-rowed 
partitions in which the numbers of terms in the rows may not exceed 
a, b respectively but the magnitudes of the terms are unrestricted. 
In this form it is given by MacMahon.* 

From (6) we infer that those partitions of n into two-rowed parti- 
tions with leading parts not exceeding a, b in which the monotonic 
condition is violated in at least one column correspond uniquely to 
the partitions of n—1 into two-rowed partitions with leading parts 
not exceeding a+ 1, b—1 in which there is no monotonic condition 
in the columns. 


2. Many-rowed partitions 

The many-rowed partition is sufficiently illustrated by considera- 
tion of the partition of three rows. The generating function £,,, of 
partitions in which the parts in rows 1, 2, 3 do not exceed a, b, ¢ 
satisfies the recurrence-formula 


c b a 


Este = > > > is _ (7) 
t 


0 s=t r=s 


MacMahon uses the symbol GF(p, p.; ©) where p,, p, are my a, b: loc. cit., 
p. 217, § 469, first formula. 
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I show that the solution of this recurrence-relation is 
Est in & E41 E,+42]- (8) 
| XS 5-1 f, ie Pee) 
[aA 2 = wb yy é, 
Substituting in the right-hand side of (7) and summing in r, we get 


> ye £5 1 t(Sa11—£5) 2-(Ex1a—£ora) 
| 2€, 4 é, ae Poel 
ats» wey é, 
Multiply the second row of the determinant by x~! and subtract from 
the first, and we get 


c b 
pi xe) €. 
08s 
rE 4 
tS,» 


Summation in s then gives 


> a) £. is Pee Ma 
si |? (&+1—&-2) &—€i-1 x-*(E, 41 —€)) 
| xt)» wey ~ 


a 
=—_e be is ee Ss Pee 
wey 4 £, Ena, 
att,» wey é, 
=| £a barr © base» 
i by Cs Tee) 
a to oe f 
on performing the final summation. If we multiply the columns and 
divide the rows (in order) by 1, x, 2? respectively, this determinant 
reduces to (8) with a, b, c written for r, s, ¢. Thus (8) satisfies the 
recurrence-relation (7). Moreover, it reduces to 1 when a, b, ¢ all 
vanish, since é)= 1 and é with negative suffix vanishes. Hence (8) 
gives correctly the generating function of three-rowed partitions. 
The form of the determinant (8) extends to partitions in any number 
of rows and we have generally 
Sted. =| & ba 1 ba 2 bass -- |. (9) 
rtp 4 fy a Sys Sosa 
aE. oe & a See 
2E. H€s2 2€,, asa 
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3. Partitions further conditioned 

This formula (9) is equally applicable to other more closely con- 
ditioned partitions. Thus let us impose on the linear partition the 
condition that consecutive parts must differ by at least p, i.e. that 
the monotonic descent is always by steps of p at least.* If p=1, 
for example, we have linear partitions in which repetitions are not 
allowed. The recurrence-formula for é£, the generating function of 
such partitions, is evidently 

e . 
£2 « = 2 wee - (a > 0) 
with the initial conditions: 
f= 
= @ 
if the final part is unrestricted; or 
es | (r > 0), 
if the final part must itself be p at least. 
Jf p = 1, we have at once Euler’s formula 
a 
t= TI +2"); 
r=1 
I do not know the general formula for p > 1. 

For plane partitions we can similarly prescribe that the rows 
descend by steps of at least p and the columns by steps of at least x. 
The character of the recurrence-formula is sufficiently indicated by 
that for the two-rowed partition: 


b a 
EP K = ¥ > x” i p? (10) 


8=0 T=8+K : 
to which we must add suitable initial conditions. 
It can be shown that the general recurrence-formula is satisfied by 
Chie. 6 a8 £h-25---|; (11) 
x Eh. ef wep 5... 
a-eries r-ee., 8 eh... 


where 6 =p+x«—l1. Thus the problem of determining the generating 
function €?*. of the conditioned plane partition is, in general, reduced 


to that of determining the corresponding generating function &? for 


* Such a partition aa’a”... satisfies the inequalities 


a ws 
aDpa’+pp>a’+2p>... 
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the linear partition.* For the special case p+« = 1, however, the 
formula (11) becomes indeterminate. 

We may also in the many-rowed partition limit the number of 
columns not to exceed k. The generating function *£¢,* then satisfies 


the recurrence-formula 
b 


a 
k+ lgp.« _ > Zz gr tsk Poy 


s=0 Tr=8s+K 


The recurrence-formula for the corresponding many-rowed partition 
is found to be satisfied by the determinant 


eggs =| hee ey FEE gn. 
aB(k+1EP | 5) kEep gb (k-1 Ps)... 
ja—40(#+2E0 5) a2 (k+1Ep 5) kEp ... 


abe... 


where still 8 = p+«—1l. 

Thus again the solution of the problem for the plane partition is 
made to depend on the solution of the corresponding problem for the 
linear partition. 


4. The simple plane partition 

The formula (9) for the generating function of many-rowed parti- 
tions with limitation of parts in each row includes within itself 
MacMahon’s formula for the unrestricted plane partition. We ap- 
proach that formula by first taking a, b, c,... all equal. Considering, 
for simplicity, the three-rowed partition, write 


X3 = f £. +1 fa+2 
7 f. a +1 
wg, —2 Eo =~] e. 


— (1 —xtVe is Ess So. ? since E. _— (l—ar +E) 
(x—a**f, e. x , ae 


(x*§—ax*+*)E_. os Pe . 


bau (1—a*+8)E 045 En+s 
xt a (1—a***) Fs is Pee 
as (a*#—az*t8)é, £. 


* We can even extend these results to ‘pseudo-monotonic’ partitioning, 
i.e. to cases p, « negative, when the corresponding linear partition aa‘a’... 
obeys inequalities 


a>a’—|p| >a”—2|p|>.... 
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— (1 ——_ > +2 ase &. +2 


(een fas es 
(a4 t aii 2%, i 


= €é >a+ 1£a+2|1 


x 


a4 


= (1—zx)?(1—2?) 


The principle is clear and we thus have for the generating function 
of the simple k-rowed partition in which no part exceeds a 


X* = (1—z}P-( 1 —2t PP *...(1 —2* 6 f..,.- Ferns 


Thence we deduce 
a—1 00 
Xe = Xt = J] (l—2")" TJ (l—2")? (13) 
r=1 r=a 
and finally MacMahon’s formula with which we started 


(14) 


The formulae (12), (13), (14) are MacMahon’s GF(/; n; 00), GF (1; 00; 00) 
G F020; 00; 00), loc. cit., vol. ii, p. 243, § 495, the last three formulae. 











